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Steps in Shor’s algorithm




Steps in Shor’s algorithm




Input:
Step 1:

Step 2:

Step 3:

Output:

An odd natural number N that has at least two distinct prime factors
Choose b € N with b < N and determine ged(b,N).
If

ged(b,N) > 1, then  ged(b,N) is a non-trivial factor of N and
we are done. Go to Output and show
ged(b,N) and ﬁ

ged(b,N)=1,then go to Step 2

Determine the period r of the function

Jov : No — Ny

n — fpn(n):=b"modN.

If
ris odd, then start anew with Step 1
riseven, then go to Step 3
Determine ged(bZ + 1,N).
It

gcd(b? 4+ 1,N) =N, then start anew with Step |

ged(b? +1,N) < N, then  with ged(h% + 1,N) we have found a non-
trivial factor of N. Calculate gcd(bg —
1,N) as a further factor of N. Go to Out-
put and show ged(b? + 1,N)

Two non-trivial factors of N



Examples of order of modulo

—

m/1234567 891011 ...

7"mod15/74 131741317 4 13 ...

m|1234567891011 ...

7"mod 107931793179 3 ...




GCD - EUCLID algorithm
—

https://www.youtube.com/watch?v=fwujdyzoXlo



https://www.youtube.com/watch?v=fwuj4yzoX1o

Functions as unitary transformations

—

1. The function f can be implemented as a unitary transformation Uy on a suitable
HILBERT space so that the growth in the number of computational steps Sy,
required to execute Uy is suitably bounded.

2. Anupper bound of the period r in the form

L
r<22

exists, where L € N is known.
3. The function is injective within a period.

Ur: HOL @ HEK — HL @ HEK
ey — 0 lyBf(x)




Th. Existence of q. algo for period determination

—

Theorem 6.8 Ler r,L € N with 19 <r < 2% and let r be the period of a
function f : Ng — Ny that is injective within one period and bounded by 2X.
Furthermore, let Uy be a unitary transformation that implements f as follows

Uf : H@L ® WIHX)K - wXL ®'«H>§K
kel — KeyBf(x)
(where B is defined in Definition 5.31) and requires a number of computa-
tional steps Sy, (L), which satisfies:

(6.28)

Sy, (L) € O(L*r)  forL—eo
for a Ky € N. Then there exists a quantum mechanical algorithm A with which

we can find the period r with a probability of at least m The number of
computational steps of this algorithm Sa (L) satisfies

Sa(L) 0<Lmax{f<f-3}) for L — oo, (6.29)




AR i

Preparation of the input register and the initial state
Exploiting massive quantum parallelism

Application of the quantum FOURIER transform
Probability in measurement of the input register

Probability to find r as the denominator in the continued
fraction approximation

Aggregation of the number of computational steps




Preparation of the input register and the initial state 10

¥) =10y ®0)® = 0) @ ®]|0)®|0) ®---®0)

L—times K—times

where M := max{f(z)|z € {0,...,2F — 1}}




Preparation of the input register and the initial state 10

¥) =10y ®0)® = 0) @ ®]|0)®|0) ®---®0)

L—times K—times

where M := max{f(z)|r € {0,...,2" — 1}} and L is related to
the period r < 2L/2,




10

Preparation of the input register and the initial state

0)® - ®@[0)®[0)®---®|0)

K—times

%) = [0) @ [0)" =
L—times
where M := max{f(x)|z € {0 —1}} and L is related to
the period r < 2L/2,
¢ 12
) :=H 215%) = .’ 2 A ©10)?
(1)

where H is the Hadamard gate
Sprep(L) € O(L) for L — oo




Exploiting massive quantum parallelism

Up(n*@)?) = telBra)’ = e ® v & ()

j=K-1
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Exploiting massive quantum parallelism

Up(n*@)?) = telBra)’ = e ® v & ()

j=K-1

2k 2L
1
[#5) = Uy |#1) = U.f( 7 2 ke ) = 72 Z\x @£ ()
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Exploiting massive quantum parallelism 11

Ur (A em?) = WrephBf) = e ® |\~~f
j=K-1
2L | 2kt

¥) = Urlh) = U.r( Z )" @10) ) = 272 ) @ (x)
3 2 x=0

laBb) := ® |a,69bj
Jj=m—1

2
udv:=(u+v) mod?2




Rewrite |Wy 2

i A e |7k



12

Rewrite |Wy

-1y z R 0

\‘ J (6.3¢
= (2 —1)modr. (6.37
Then we have
) =
- ot e \f(OY)” oot =1 @ [fr-1)°
T e et e @ e 1))F
G-1rre [f(U-Dm)" + -+ Ir-Dr @ |[fUr-1))"
=If(op# =lfr-1)
I 10 /) [Jr+RA @ [f(Jr+R))®
=|f(0)® =|F(R))®
1 J-1r-1
=— | X Y lir+k*e|f)* +2 JIr+ky | f(k)*]| .
27 | i=0k=0
Furthermore, defining for k € My
7 ifk<R
]"':{171 ifk>R, (63



Q. Fourier transform of |Ws)

\a

o) A 7
: - (]

F

Theorem 5.56 The quantum FOURIER transform F can be built from the
swap operator S defined in (5.30), HADAMARD transforms and conditional
phase shifts as follows:

j—

n—1 1
F=s"T] ({H ij] Hj) (5.133)
=0

k=0
= SWHP, oH1P2oP2 1 Ha ... Py1 0. Poip2Hy 1 -

Flx)1]
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Q. Fourier transform of |Ws)

Lemma 5.52 Letn € N and
n—1 X
x=Y x2, (5.126)
j=0

where x; € {0,1,} forj € {0,...,n—1}.
Then the action of the quantum FOURIER transform F on any vector |x) of
the computational basis of H" can be written as

= o
Flo) = —= [10) +e2m05--0(1)] (5.127)
VS
Definition 5.51 Fora;...., ay € {0, 1} we define

ai a am _
0.a1ay...ay = —+—+— = 2012 !

2 4 .
n—1 [j—1 0 )
S(H) H H (P/A) Hi X> _ = S(") ® DO> + t:_77:10,.\/(....\0 ‘ 1>:|
=0 \k=0 (5.130) k=n—1
n—1 )
_ ® DO ’Hl(i,.\k....\"0‘1>:|
5 ﬁlx 0

J

.:,F\,\‘>.
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Q. Fourier transform of the A registers of |Ws)

—

W) = (Fo1?)|w)
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