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Essence

Lov Kumar Grover
L. Grover, Phys. Rev. Lett. 79(2), 325 (1997)
Completes a search in ~ /N steps (with 50% probability)


https://en.wikipedia.org/wiki/Lov_Grover
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Lov Kumar Grover
L. Grover, Phys. Rev. Lett. 79(2), 325 (1997)
Completes a search in ~ /N steps (with 50% probability) as opposed to the
classical ~ N/2 steps.
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Essence

Lov Kumar Grover
L. Grover, Phys. Rev. Lett. 79(2), 325 (1997)
Completes a search in ~ v/N steps (with 50% probability) as opposed to the
classical ~ N/2 steps.
The objects (haystack) must be represented as points in a Hilber space. The
vectors of the objects which we try to find span a subspace in this space.
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Essence

Lov Kumar Grover
L. Grover, Phys. Rev. Lett. 79(2), 325 (1997)
Completes a search in ~ v/N steps (with 50% probability) as opposed to the
classical ~ N/2 steps.

The objects (haystack) must be represented as points in a Hilber space. The
vectors of the objects which we try to find span a subspace in this space.
The Grover algorithm constructs operators that transform a given initial state
into a state which has a maximal component in the subspace of desired objects
(amplitude amplification).


https://en.wikipedia.org/wiki/Lov_Grover

Definition 6.22 Let S denote the set of objects we are searching for, and let
m > 1 be the cardinality of this set. The set S is called solution set, and we
call its elements solutions. For the algorithm to search anx € S € {0,...,N —
1}, where N = 2", we define the input and output register as H!/© = H*".
Furthermore, we denote the set of objects that are not a solution by









Definition 6.22 Let S denote the set of objects we are searching for, and let
m > 1 be the cardinality of this set. The set S is called solution set, and we
call its elements solutions. For the algorithm to search anx € S C {0,....N —
1}, where N = 2", we define the input and output register as H//¢ = *H””
Furthermore, we denote the set of objects that are not a solution by

St:={0,...N—1}\8S
and define the subspaces

Hs := Span {|x)| xS} c H/°
Hg. := Span{|x)| xe St} c H/°

and the operators
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Every state |¥) € H/9 can be decomposed as:

W) = (Ps. +P5)|¥) = D, Wlx)+ D Hlx)

xest XES

Remember, measuring the state |¥) means:
Definition 5.35 Let n € N and for j € {0,...,n—1} and a € {0,...,3} (or,
equivalently, a € {0,x,y,z}) define

T =1""""00,®1% €Bu(H™),

where the 0y are as in Definition2.21. The observation of a state in the
quantum register H*" is defined as the measurement of all compatible
observables

5 =191 g g,01%

forj € {0,...,n— 1} in the state of the quantum register. Such an observation
is also called read-out or measurement of the register.



The goal of the algorithm to create states |¥) for which the
probability to observe an x € S is maximized. This is
accomplished by starting from an initial state |¥q) and by
applying suitable transformations which increase the component
in Hg.
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Decision if a state is a solution

—

g:{0,....N—1} — {0,1}
0 ifxest
& — 8 =11 ifyes

Uy (1) ® 1)) 1= %) ® [y B g(x))

where |y) belongs to an auxiliary register H" .

Remiglder
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udv:=(u+v) mod2




¥ Circuit Construction of a Grover Oracle (click to expand)
If we have our classical function f(z), we can convert it to a reversible circuit of the form:

If we initialise the 'output’ qubit in the state |—), the phase kickback effect turns this into a Grover oracle (similar to
the workings of the Deutsch-Jozsa oracle):

We then ignore the auxiliary (|—)) qubit.



Lemma 6.24 For the oracle U, and the state

0)—11)
V2

@) = |op) =|-) =

in the auxiliary register HY one has for arbitrary |¥) € H! e
U (17)®1-)) = Re1[9) ® ),
where

Reu|#) = Y Wlx) — X %)

xest xXes

(19" —2P5)|P).

Rg| can be viewed as reflection about Hg :
Definition 6.25 Let Hy,, be a subspace of the HILBERT space H., and let Pyyp
be the projection onto this subspace. The reflection about the subspace H,;,
is defined as the operator

Rap :=2Pap— 1. (6.147)

If the subspace is one-dimensional and spanned by a |¥) € H. we simply
write Ry and call this a reflection about |'F).
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[¥h) = cos 6| ¥y ) + sin Op| ¥s)



Amplitude

|s> = |W,> l
e Is™> Items

|s) = ¥s1), lw) = [Vs)
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As we will now show, the GROVER iteration G transforms separable states in
H!/? HY of the form ;) = |¥}) ©|—) to separable state’ ¥+ 1) = |¥iw1) @ |—)
of a similar form. We will see that H!/© an application

of G can then be viewed as a rotation of 260 in H'/ in the direction of |'¥s).




Span{[¥#5) }

Span{|¥5.))

Fig. 6.6 Geometry of the GROVER iteration in the input/output register with m = 5,N = 2'0
and jy = 11. In the two-dimensional subspace Span{|¥s.).|¥s)} the initial state |¥) is rotated
towards |¥). The illustrated transition from |¥5) to |¥) shows that G in the sub-system I/O first
performs a reflection about |, ) and then a reflection about |¥y). The vector immediately to the
right of [¥jy) is |¥s) and is a state in the subspace Hs of the solution set. We can see that |V}, )
comes close to that



|w>

Amplitude
P
Is> N
\\
H &' -
0| :
) ; 0 |
v
[We>=UlW>
[W>
lw> .
U|W> = U |¥,>
/ Is>
- 1
Is’>
)
;

Items
w>



P{ Observation of |}) projects

2
onto a state [x) withx € S } =[Pl
(6.137).(6.138).

(6.154)
Lemma 6.29 Let S be the solution set with cardinality m > 1, and let N = 2"

Sifl2 9_,‘

be the number of objects in which we search for solutions. If we apply the
GROVER iteration G

A T
= \‘4arcsin (\/%)J ©.158)

times to |¥) and observe the state |y ) in the input/output register; then the
probability to observe in the sub-system H!/© a state |x) with x € S satisfies

Observation of |'F;) projects m
: >1——
onto a state |x) withx € S -

N (6.159)




Steps of the Grover search algorithm

Input:

Step 1:

A set {0,...,N—1} of N = 2" objects that contains a subset S of m > 1
objects to be searched for and an oracle-function g : {0....,N -1} —
{0, 1} that takes the value 1 in S and the value 0 elsewhere

In H//9 @ HY = H*" @ H prepare the composite system in the state
) = %) @ |-) with

N—

“1’0 2 \X

\()

The number of computational steps required for Step 1 scales for N — oo
with
SGrovErl (N) € 0(1)



Steps of the Grover search algorithm

Input:

Step 1:

Step 2:

A set {0,...,N—1} of N = 2" objects that contains a subset S of m > 1
objects to be searched for and an oracle-function g : {0....,N -1} —
{0, 1} that takes the value 1 in S and the value 0 elsewhere
In H /0 9 HY = H*" © H prepare the composite system in the state
) = %) @ |-) with
N—
“1’0 z ‘X
x=0
The number of computational steps required for Step 1 scales for N — oo
with
SGrovErl (N) € 0(1)
With 6y = arcsin (/%) apply the transform G = (Ry, © 1)U,

v = |
=260

times to |¥) in order to transform the composite system to the state
[¥jy) = G |%).

The number of computational steps required for Step 2 scales for N — oo

with
N
SGROVERZ(N) S 0( *\)

m



Step3:  Observe the sub-system H'/© and infer from the observed state |x) the
value x € {0,..., N — 1}. The number of computational steps required
for Step 3 scales for N — o with

Scrover3(N) € O(1)




Step 3:

Step 4:

Observe the sub-system H//© and infer from the observed state |x) the
value x € {0,..., N — 1}. The number of computational steps required

for Step 3 scales for N — o with

Scrover3(N) € O(1)
By evaluating g(x), check if x € S. The number of computational steps
required for Step 4 scales for N — oo with




Step 3:

Step 4:

Observe the sub-system H//© and infer from the observed state |x) the
value x € {0,..., N — 1}. The number of computational steps required

for Step 3 scales for N — o with

Scrover3(N) € O(1)
By evaluating g(x), check if x € S. The number of computational steps
required for Step 4 scales for N — oo with

m

Output: A solution x € S with probability no less than 1 — 5




Grover algorithm on a two-qubit system

in this case Eq. 6.149 becomes

0o = arcsin(y/1/4) = /6
jn for the equation 6.158 is

=1

. T
V= [4arcsin( 1/4)

Then the Grover transformation G/~ = G! yields
GjN = (QjN + 1)90 = 7T/2 , 1.e.
GIN|Wg) = cos by Vs, ) +sinb;, |Vs) = [Pg)
For the case when S = |11) see the notebook linked in the
following slide.




Qiskit notebook

https://qiskit.org/textbook/ch-algorithms/grover.html


https://qiskit.org/textbook/ch-algorithms/grover.html
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