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Factor group and hidden subgroup problem

Discrete Logarithm as a Hidden Subgroup Problem




Factor group and hidden subgroup problem

Definition 6.15 Let H be a subgroup of the group G and let S be a finite set.
We say that a function f : § — S hides the subgroup J{ if for any g;,g> € G

flea)=flg) & glaei.

! A subgroup H of the group G is normal in G (N < G) if and only if
gng ' € N for all g € G and n € N. They can be used to construct
quotient groups of the given group.
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Definition 6.16 Let f hide the subgroup H of the group §. The problem to

identify H with the help of f is called Hidden Subgroup Problem (HSP).
In case §G is a finite abelian group it is called the Abelian Hidden Sub-

group Problem (AHSP).

HSP is defined as the problem to identify H as efficiently as possible with the help

of f,i.e. with as few evaluations of f as possible.
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Definition 6.16 Let f hide the subgroup H of the group §. The problem to
identify H with the help of f is called Hidden Subgroup Problem (HSP).

In case §G is a finite abelian group it is called the Abelian Hidden Sub-
group Problem (AHSP).

HSP is defined as the problem to identify H as efficiently as possible with the help
of f,i.e. with as few evaluations of f as possible.

If |G| is the order of G then on a quantum computer we would need about

n := log, |G| qubits to identify all elements of G - {|g1),.--,|g|g|)}- If the group is
Abelian then (g;|gx) = o1k |g1) € H*

The set S (# of elements is |S|) is ordered and its elements s; are labeled by j

(s; = Jj). The corresponding vectors in the Hilbert space are |j) € HE.




Steps to find the Abelian subgroup given f

—
STEP 1
1
) = —= > lg)*®[0)) e HA @ H5.
‘9 g€§
STEP 2

AHSP Assumption 2 For [ : G — S there exists an implementation of a uni-
tary Uy defined by its action on the ONB

{ley@) g€ 0<y<2"} cH @H? (6.92)
as
Uy IO M — HE oH 6.93)
g} ®y) — lg) @ lyBf(g))’ '

and the number of computational steps S for the application of Uy satisfies

S2(/S]) € poly (logs(IS)  for G| — ee.
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Steps to find the Abelian subgroup given f

—
STEP 3
Construct
1
) = Uslth) = —= 3 Us(Ig) ©|0))
|S| g€9
Z 1) ®|f(g)) € HA @ HP
6.92) V P
STEP 4

Measure the qubits only i 1n H 4 by the operator
o = B (p) = P (00) (1)) = [ copm [0 (WA

’\I[[Q]H = Z L

ke[g]H



Apply the Fourier transform

\/7'2 2 2@l

8€5 ye§
pt = Fap Fg,

LK
Fsp*F§ = u > x(@lx)
| ‘ 3EG/H \ gt e

Y E(g)E

FHL

)



Apply the Fourier transform
2 2 @l
\/ | g€9 2€5
pt = Fap Fg,
|H]

FgpiFo="o Y > x| | Y &)l
| ‘ 8l €G/H \ yeHt et

STEP 6
Let ¢ € H, and let |¢) be the corresponding basis in H4 with a
projector on it Pr = |()(¢|. It turns out that the probability to
detect the state |¢) when observing H A prepared in the state
ngAFé equals 1
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STEP 6

Let ¢ € H, and let |¢) be the corresponding basis in H4 with a
projector on it Pr = |()(¢|. It turns out that the probability to
detect the state |¢) when observing H A prepared in the state
ngAFé equals 1
When observing the sub-system H# after the Fourier transform
we will always find a state |¢) that corresponds to a character
(eH,.



Discrete Logarithm as a Hidden Subgroup
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