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Complex numbers and functions

z=a+1ib, 2z*=a—ib, a=Rez, b=Imz, i°=-—1,

Z'=ad +il, 27 =aa’ —bb +i(ab 4+ a'b), z°=a’®—b*+ 2iab.

Polar representation of complex numbers:

2 =|z[e" = Va2 4 b2(cos()+isin(0)), z* =|zle”" = /a2 + b2(cos(f)—isin(9)),

0 = arg(z), 2 =2 = Va2 + b2(cos(8') + isin(6))
22 = 2| |21 0F0) = 2| |2/|(cos(0 + ') + isin(d + 6)).

Euler formula: |
e’ = cos(f) + isin(6).

Fuler identity:



b/ _________________

z=a -+ b = |Z‘€i0 — \/CL2 -+ bQ(COS(9> —+ ZSln(9)>,
2 =a —+ Wb = ‘Z”Gwl == \/CL’Q —+ blz(COS<8/) + ’LSIH(H/))

22 = 2| |2/ |e0+0), e = cos(8) + i sin(0)




The field of complex numbers is closed! Namely: Any polyno-
mial equation with complex coefficients ay:

P,(z) = apz" + 12"+ Hasz® + a1z 4+ ag =0,
has n complex roots z; = z;0 + 125 1, l.e.
P,(z;) =0, i=1,2,...,n.
The field of real numbers is not closed. For example, the equation:
z°4+1=0,

has NO real roots! Otherwise: z; o = =%z.
Functions of complex variables.
Polynomials P, (z) can always be calculated using z = a + ib. Poly-
nomials P,(1/z) can always be calculated using
1 z* a — 1b e~

: 22 a2 402 |z




But there are other functions, e.g.

\/27 %:Zl/n7 1nZ7

Here it is convenient to use the polar representation of z:

Vz = VI’ = \/z(cos(6/2) + isin(6/2)),
z = Bl = Yz(cos(9/n) + isin(8/n)

In(z) = In |z| + targ(z) = In |z| + 6.
From the right-angle triangles we find:

2| = Va? + b?,

b sin(6) b Im 2
a

= cos(0) = tan(f), 6 = arctan o= arctan Ty



Examples: Roots of unity:

. —1+4+1iv3
wg = V1 = e2™/3 = cos(21/3) + isin(27/3) = —;Zf,
. 2+ 12
wg = V1 = e?™/8 = cos(27/8) + isin(27/8) = \f;zf,
5 274 /5 . . 1 .
ws=V1=e = cos(27/5)+isin(27/5) = 1 V5E — 141y 104+ 2V5 ),
. 1+iv3
we = V1 =e*™/% = cos(n/6) + isin(n/6) = —l_;\f,
1 - y 1 .
wip = V1 =e?™/10 = cos(27/10)+i sin(27/10) = 1 (\/5 + 1+ Z\/l() — 2\/5) :
Check that:
ws =1, wg =1, wsws = 1, we = ws, wp = —1, Wiy = Ws



Basic properties of vectors and matrices

Simplest nontrivial: two-component vectors:

. a I . a’ . . . 1 . 0
SE:(b):a€1+be2, ﬂﬁlz(b/>:a/€1+b/€2, €1=<0), 22(1)7

Transposed vectors:
7' = (a,b) = aé] + bés, el = (1,0), er = (0,1).

The Euclidean space R5 is a metric space:

Polar coordinates:

(O e (N0 e e
r-lal () ). =1 (Sn )o W= VAR (2] = Var e



b/ ___________

NIa)

f_(z>_\/m(c.os((9>>), (#,7) = |72 = a? + B,

sin(6
. a’
= < . ) S ( COS(Q’) )
. = =
= =/ + < (0,) , (a: ,.:C’) = \5:”\2 — a? + b2

-



It allows scalar product:

L= [ cos(0) =1 [ cos(8) 2 /2 2
x_|x|<sin(9)>’ w_‘m|<sin(9’) - # = Va2 b

/

(z.7) =77 = (a,b) (Cb” ) = ad’ + b = |Z| |T| cos(6 — 0').

2 X 2 matrices:

A (a2 | B bi11 bi2 |
az1 a22 ba1 b2o

A+B:(&11+b11 &12+b12>, CA:(CCLM CCL12>.

a21 + b1 ass + bao Ca21 CA22

Matrix multiplication:

2
C11 C12 Z
AB = C = , Cjk — afjmbmk-
C21 C22 o

c11 = a11011 + a19ba1, c12 = a11b12 + ai2bag, . ..



Operations on matrices: complex conjugation, transposition, hermi-
tian conjugation:

%k *k *k *k

A* — a1q1 A19 AT — a11 Aa21 i (A*)T [ G171 Go9y
- a* a* 9 - 9 - _ *k *k *

21 Y22 ai12 a22 19 Qoo

Trace and determinant:
2

tr (A) = Z Amm » det(A) = a110a22 — aA12a921 .

m=1

Pauli matrices:

01 0 —i 1 0 10
1=\10) “27\i0 ) 9=\ o-1) °°=\o01

Properties:
O-I% — 00 — ﬂ27 OO0 — iekjmo-ma {k7j7 m} — {17 273}
where €1y, 1s totally antisymmetric tensor, i.e.

€123 = 1, €kjm = —€jkm = €mkj-



0102:i03, 020’3:’i01, 0201 :—’i03, 0'30'2:—7:O'1.
A special 2 x 2 matrix:

[ cos(f) —sin(f) \ isin(0)o
by = (sin(@) cos(0) ) = cos(f) (9)0.

Rod = || cos(f) —sin(0) cos(6’) 1 cos(0 + 6")
oL = I sin(f) cos(0) sin(¢") | . sin(6 + 0")
i.e.Ry rotates every vector in Ry by angle 6.
Pauli matrices and vectors. Consider:

X3 L1 — L2
X = 2101 4+ ooy + X909 = .

101 209 303 21+ iy —ia 3

/ / /

€T T —x

X' =2loy +z2lo9 + xhos = 3. 1 2
Lt 272 1373 Ty +ixhy  —axh ’

Prove that:

T
RoRg = Ry, RoR_g = 15, R_¢g=Ry.

X? = (2, 20)1y, tr(XX)=(Z,%).



n X n matrices: general properties and defi-
nitions

(041 a2 a3 ... aln\ (511 bi2 b13 ... bln\
a1 a2 a3 ... d2n ba1 b2 b2z ... b2y
A= | @31 @32 A33 ... A3n | B = b31 b32 b3z ... b3y :
Kanl an2 An3 - - - ann) \bnl bn2 bn3 bnn)

A+B=S5, Skm = Qkm + Ok, (cA)km = cQkm,

AB = C, Ckm = Z Apbpm ; C23 = a21b13+a22b23+a24by3 4 - -+a2,by3.
p=1
Operations: transpositions, complex conjugation, hermitian conjuga-
tion:

A= (akm)Z,mzla AT — (amk)z,m:D

A" = () im=1, AT = (A1) = (a5k )k m=1-



n

n
tr A = Z Amm,, det A = g €k, ko, kn A1k 02 ko - - - Ank,, s
- ki,k2,....kn

where €, k... k, 18 n component antisymmetric tensor, i.e.:

€1,2,...n = 1, €k k2 skpkpttyeikon

— _ekl,kg,...,kp+1,k,p,...,k',n'
Special kinds of matrices:

10... O\

01...0
unit matrix 1,=1| .. .|, traceless tr A =0,

\00 ... 1)

/041 O\

0 a9 .
invertible det A #£ 0, diagonal L , :

L0 0 ... an )




If det A # 0, then it is invertible, i.e. there exist unique matrix A~*
such that A=A = AA4"1=1,,.

The matrix A is diagonalizable if there exist invertible matrix u such
that

uwtAu = diag (a1, a, . .., ).

The numbers «,, are called eigenvalues of A. In fact:

trA:iozm, det A = ﬁam.
m=1

m=1

Characteristic polynomial:

Py(z) = det(A— z1,) = || (z = am).

m=1

Groups of matrices: G is a group of n X n matrices if:
i) if X and Y are elements of G then XY € G;
ii) 1,, € G is such that 1,X = X1, = X
iii) if X € G then X~ ! € G.



Examples of groups:
GL(n): X € GL(n) iff detX # 0;
SL(n): X € SL(n) iff detX =1;
SO(n): X € SO(n) iff XX' =1,;
SU(n): X € SU(n) iff XXT=1,;

Functions of matrices

Polynomial functions: For any polynomial Py(z) = Zﬁzl Pz

N
Py(A) =) pmA™.
m=1

Functions of diagonal matrices:

D = dlag (dl,dg, “e ,dn), PN(D) — dlag (PN<d1)7PN(d2)7 s 7PN(dn))7



Z — 81

F(D) = diag (f(d1), f(da), -, f(dn)),  F(2) € {217 exp(2), In(2),

Functions of diagonalizable matrices:

ey}

2 — So

e Given diagonalizable matrix A we first diagonalize it:

~

A:u_l}iu, A =diag (ag, a9, ..., an),

~

e evaluate f(z) on A:

~

f(A) =diag (f(a1), f(az),. .., f(an)).

Note that the eigenvalues «a; typically are complex-valued. So,
evaluating functions like f(z) = 2P, f(2) = exp(z), f(2) = In(2)
etc. we have to use the results from the beginning of this lecture.

e evaluating f(A):



Examples

Assume that the eigenvalues of A are parametrized by o = |ay|e'?".

Below we also used the formulae from the first part of this lecture.

1 1 1
At =y ldiag (—, — —) U

a1 2 077

VA =udiag (Var,Vag, ... .\/an)u

1 1 1
A2 =y dia < , e )u
5 V1 /O /Oy,

—ior2 L e, 1 ewn/2> .

1
—1 q:
= u ~diag | ———e€ , ———¢€ e
(\/|041 V2] V |om|
VA =u"diag (Vag, Sag, ..., Jan)u
=~ 'diag (\3/ laq [€¥91/3 ) ¥/ anle??/3, ... Yy |an|ei9”/3> u




exp A = v~ 'diag (exp o, exp as, . . ., eXp ay U
In A = v 'diag (In(a1), In(a2), . . ., In(ay,))u
=~ 'diag (In|aq| +i01,1n|ag| + s, ..., In|a1| +i0,) u
Assume that A is 4 X 4 diagonal matrix with eigenvalues

1
o1 =4, as=5(14+1), as=06(1+iV3), ap=—7.

Calculate A%2/3, A=1/3 1n A.



Next Lecture is on

Tensor products of Pauli matrices

Basis for parametrizing quantum bits:
Tensor product of Pauli matrices:

Of & Om, k7m20717273;
o O 0 o 0 O
00®0k—<00k>, 01®0k—(0k0>7

0 —’iO'k; Ok 0
02 & Of = ior 0 , 03 & 0 = 0 —op )



