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Basic notions of quantum mechanics

Mathematical aspects

We will focus our attention here on operators acting on finite-dimensional
spaces H.

The set of vectors ¢; € H is linearly independent if for any finite
subset

¢17¢17---7¢n}

and for a; € C the relation

asP1 + asp1 + -+ @ =0

holds only if a1 = a2 = --- = a,, = 0. The space H is finite dimen-
sional if H contains at most n = H < oo linearly independent vectors.
Otherwise H is infinite-dimensional.

The set of vectors ¢; € His said to span H if for any vector ¢ there



exist a; € such that:
(b:Zajqu, i.e. ]H[:Span{(bj\j:l,...,n}.
J

Orthonormal basis {|e;)} of H (bra-vectors):

" (9 (0

‘€1> — ) ‘62> — Ty ‘€n> — : 3

o)y )

Dual orthonormal basis {(e;|} of H (cket-vectors):

ler] = (1,0,...,0), {es] =(0,1,...,0), ..., {e:|=1(0,0,...,1).

Vectors in H:
7 = : :ZZj‘€j>, W = : :ij‘€j>7
J=1 \wn) g=1




where z;,w; € C are coordinates of the vectors 2, w.
Scalar products of vectors:

n

(Z|w) = ('@ = Z 2w,

j=1
Obviously
forlex) 1 if k=]
€;l|€ = 04 — .
TEREZR 0 i k£

The coordinates of the vectors z; and w; are uniquely defined via:

zj =(gj|2),  w; = (e;]w).
The length of the vectors:

mn n

I21? = (2l2) = ) _lzl% (1)) = (wlw) = ) gl

—

(Z+ |2+ ) = ||Z]]° + [[&]]* + (Z10) + (@]2).



Let us introduce two sets of indices I = {i1,142,...,1x} and J = {j1, jo, - .

with &£ +m < n and such that 7N J = @0. Let us also introduce:

7= zle;), W= wplex).

Jjel ke K

Then we have:

n
<5‘u_j> = 0, ||2H2 — Z ‘Zj|27 HwHQ — Z ‘wj‘2a
Jel jeK
and therefore we obtain Pithagoras theorem:
(Z+ 0|2+ @) = [|2]]° + []7]]*.

Linear maps on H:

) = Z lej)(€jlP)

S Jm}



Matrices can be written as:

A= Z|ey (ej|Aex)(ex| = Z‘ey jk{ek-

71k

Thus the linear mappings on H are provided by matrices. They can also
be viewed as linear operators on H.
We introduce hermitian conjugation on the operator A:

(AN)jx = ((A7)")jn = Ajy.

AT =A A is self-adjoint or hermitian Then A = AZ;‘

Then
(cA)T = c* Al

The operator U is unitary, if:

{Up[U¢) = (plo) Vi), |¢) € H



This means that

UUT=UTU =) ej)e;| = 1,

J

where 1 is the identity operator on H.
Eigenvectors of operators: The vector |¢) is an eigenvector of A
with eigenvalue A\ € C if:

Alpp) = Aly).

All vectors [¢) span an eigensubspace Eig(A, \) of the operator A.
The eigenvalue ) is non-degenerate if dim Eig(A, ) = 1; If dim Eig(A4, \) >
1 the eigenvalue X is degenerate.

The set of all eigenvalues A\ of A is called the spectrum of A. If \ is
an eigenvalue, then (A — A1)~! does not exist.

If  Alyg)=Ap)  then  (P[AT=X"(y.

Prove that the eigenvalues of self-adjoint operators are real.
Prove that the eigenvalues of unitary operators have absolute value 1.



Self-adjoint operators are diagonalizable: Let

Aly) = Ajlwy),  then (A = X1y,

and ,
A= N0 (w1,
j=1

so if we choose as a basis the set of eigenvectors of A it becomes diagonal
diag ()\1, )\2, cee )\n)

Projectors. The operator P is called a projector if P? = P. If in
addition P = PT then P is an orthogonal projector.

Examples:
10...0 00...0 10...0
00...0\ 01...0\ (01...0\
P = ST Py = AT Pitby = o |
\00...0) \00...0) \00...0)

(]
5= e



Properties of projectors:
(¥;12) (@]eh;)
(¥l5) (jl5)

Namely acting on any vector |Z) the projector produces vector propor-
tional to |1);).

Py|Z) = V5, (W] Py = (9]

j=1

For each orthogonal projector there is a set of orthonormal vectors
4);) such that:

P= i)l i (eley) =1

From P = P = P? deduce the eigenvalues of P.
A self-adjoint operator is called positive, if

(WlAJp) >0 forall  |¢) € H.



We can introduce ordering of the operators and say, that A > B if
A—B>0.
Another important operation between the operators is the commu-

tator:
(A, B] = AB — BA.

If [A, B] = 0 we say that the operators commute.

Two commuting operators have the same set of eigenfunc-
tions! This means, that they can be simultaneously diagonal-
ized. However they may have different sets of eigenvalues, e.g.

A:>{)\1,)\2,...,)\n}, B:>{,U17,u27---7,un}7

Check that any two diagonal matrices commute.
Properties of the hermitian conjugation:

(AB)T = BTAT.
Indeed,
(A.B)" = ((A.B)")" = (B"A")* = (B")"(A")* = BTAT



Show that

tr A = ZAkk = Z<ek“’4|€k>
k

k

does not depend on the choice of the orthonormal basis.
Show also that
tr (AB) = tr (BA).



Example: Let H ~ C? — two-dimensional Hilbert space. We
introduce an orthonormal basis by:

The dual orthonormal basis is:
(0] = (1,0), (1] = (0,1).

We introduce the operators |x)(y| where x and y take values 0 or 1. This
gives:

oo=(g)ao=(g0). wa=(g)on=(75)
nol=(T)ao=(10).  ma=(7)on=(37).



Prove that taking

a

o) =ao) 4o = (). o =co+du=(5).

we obtain a general operator in C?

(6] = (al0) + b)Y 0] + (1) = (e . )

Pauli matrices and their tensor products

Pauli matrices:

01 0 —i 1 0 10
n=\19) 2=\{;¢09) =lg_1) ©0=|gq )12

Properties:

0,3 =00 = 1o, O0KO; = i€kjmOm, {k,j,m} ={1,2,3}



where €1, 1s totally antisymmetric tensor, 1.e.

€123 = 1, €kjm = —€jkm = €mk;j-

0102:i03, 020‘3:’i01, 0201 :—iag, 0'30'2:—7:O'1.

They appear when we need to describe the so-called spinor particles in
quantum mechanics. An example of such particle is the electron which
has spin 1/2. Pauli discovered that such particles may have only two
states: the first one with spin up |0) and the second one with spin down
|1). This nicely corresponds to the fact that in computers we use bites
which also take two values.

Thus acting on bits we will have operators in C? which are expressed
in terms of Pauli matrices.

When we have two or more bites we will need tensor products of
Pauli matrices:

O) & Om, k7m20717273;

These are 4 x 4 matrices of the form:



O 0 0 O
o0 R o) = 0 o ) 01 Q0 = or 0 )

0 —io o 0
02@"’“:(@@; ok)’ OB@Ok:(Ok—Uk)7

We can construct also triple tensor products of Pauli matrices
0k®am®aja k,m,j:O,l,Z,B;

They have dimension 8.
Thus analyzing the action of the processors on the bites we will need
operators whose matrix dimensions will be powers of 2.



