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1. Integrable spinor models:

e Nambu—Jona-Lasinio—Vaks—Larkin models (1961); related to SU(n)

e Gross—Neveu models (1974); related to SP(2n)
proposed as models for describing the strong interactions.

e Zakharov — Mikhailov spinor models related to SO(n). In two-dimensions
these models are integrable by (ISM) (Zakharov, Mikhailov, (1980).

2. Construction of their solutions



i) Nambu-Jona-Lasinio-Vaks-Larkin models. Choose g ~ su(V)
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ii) Gross-Nevew models. Choose g >~ sp(2N,R); with the standard defini-
tion of symplectic group elements:
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1 = 51% ;(¢6¢5 — sp), Y = _a(ba ;leﬁwﬁ — bs¥p).

iii) Zakharov—Mikhailov models. Choose g ~ so(N,R); then ¥ (£, ) and
(&, m) take values in the group & ~ SO(N,R).
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2 The Lie algebras and Lie groups
The unitary SU(N) and su(N)

( ¢1,1 ¢1,2 ¢1,N \
¢2,1 ¢2,2 e ¢2,N . B
, , , , e SU(N) iff ol =¢t

\ ov1 dn2 o o )
Uy € su(N) iff U, = —UJ; Vi € su(N) iff V= -U].
The symplectic SP(2N) and sp(2N)
¢ = ( Z’ Z ) c SP(2N) iff S’ Syl=9¢"", Sy = ( ¥ ﬂév )

U, € Sp(QN) iff UlT -+ S()Ulso_l = 0.
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The orthogonal SO(N) and so(N)
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Uy € so(N) iff
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V1 € so(N)
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3 Lax representations:

\Ijﬁ — U(fa%)\)‘l’(fa% )‘)7 \Ijn — V(fa”'?, A)‘If(&??, )‘)7
U V]
U(ga T, )‘) — ;\(E,ZZ) 9 V(ga 1, )‘) — 1)\(_?-_7&77) )

where n =t +x, £ =t — x and a is a real number. Impose Zs-reduction:
Ut(z,t,\) = =U(z,t,\*), Vi(z, t,\) = =V (x,t,\).
The compatibility condition of the linear problems reads:
Ven =Wy,
Ve, =U,¥+UV, = (U, +UV)V¥, U, e=VeWU + VU, = (Ve +VU)Y,

U,—Ve+ U V] =0,

1.e.

Uy  Vig n U1, Vi]
A—a X4+a A—a)A+a)

=0,
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Ul,n Vl,f

Uy, V4]

A—a A+a (A

1) Multiply by A — a and take limy_,,:

1
1) Ui, + %[Ul, Vi] =0,

“o0ta)

2) Multiply by A + a and take

1
2) Vie— %[Vl, U] =0,

Choose Uy, Vh € su(N), i.e. Uy = —Uf, Vi = _VlJ[

¢, € SU(N),

ie. ol =¢ L

Ui(&,n) = _i¢JO¢T7 Vi(€,n) = iiﬂowa Jo = —Ip = diag(1,0,0,---

1
Uiy + %[Ulavl(gan)] = 0,

1
Vie — %[Vh Ui(&,m)] = 0.



1 1
Ul,nJr%[Ul,Vl(fﬂ?)] =0, V1,g—%[v1,U1(fﬂ7)] =0,
Ui(&,m) = —idJod!, Vi(&,n) = iy,

ity ot - GJodl + Vigdos! — - 6Iod Vs
— 4 (—g% + %V1¢) JoodT —ipJy (Qb:r? + %Qﬁvl) =0, (1)
1.e. —gbn—l— %qub:() —¢j7—|— %Qﬁ‘/; = 0.
e JoypT + WJM@ + QLUﬂDJOWL — iibJOWLUl
a 2a
=g (lbg + %Uﬂﬂ) Jowt + i Jy (¢§ - %WLUl) = 0, (2)

. 1 1
i.e. Ye + %Uﬂb =0 wg + %WLUlT = 0.
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Remember, since Jy = diag(1,0,0,...,0). U; and V; acquire the form of
direct product:
61\

qb.g
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G+ 5 Vid=0, ¢+ - Uid =0,

(¢>{7¢;7 ° '7¢7V)7

(¢ik7¢>2k7 c 7¢7V)7

i) Nambu-Jona-Lasinio-Vaks-Larkin models.
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> . al *a¢a *a¢a ]- al *
:/_Oodx dt ZO;G% o + 1, D¢ ) ~ 2, O;(¢a¢a) (3)

ii) Gross-Neveu models. Choose g ~ sp(2N,R); with the standard defini-
tion of symplectic group elements:

_ _ A _ 0 —1
¢ 1(&-)77) — SowT(faﬁ)So 17 ¢(€7n) — SO¢T(€777)SO 1a SO — ( 1 0 ) .
Then the corresponding group and Lie algebraic elements become:
a b u S
b= ( c d > ’ Y= ( v t ) ’

_ % A— B T T
1 1 _
¢ _(_CT al )a (i —(_,UT uT):



where a, b, c,... are arbitrary real NV X N matrices. Next we choose

e =odo, aem =vss J=( 0 ),
By = diag (1,0,...,0,0).

Next we introduce the vectors corresponding to the first columns of a,
c, u and v:

®1.1 ON+1,1 Y11 YN+1,1
a = , C= , U= , U=
ON,1 2N 1 YN Yan1
Then U; and V; take the form:
—acl  ga’ —aot gual
Ul:(azT 5@T>’ Vl:(mT UﬁT)’

The next step is to introduce the N-component complex vectors:

Slem) = g(@+id). (e = 5@+
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Finally the Gross-Neveu model take the form:

0be i — oY iy N
By = ave 2 (0adh = Vita) T == de 3 (Bavi— de)

The functional of the action is:

AGNZ/_O:Oda:dt ( g( 8%‘ 85;)
(i(w Do — ¢Z¢a)> 2) :

1
2a
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iii) Zakharov—Mikhailov models. Choose g ~ so(N,R); then (&, n) and
(&, 7m) take values in the group ® ~ SO(N,R). Use the standard defi-
nition of orthogonal group elements:

vHEN) =T (&),  oTHEn) =¢" (& n).

Next choose

J=kin—Eni1=1| ¢ ..
1 ... O
where (Ekp)nm = Okndpm- Then we introduce vectors corresponding to
the first and the last columns ¢y, oy, Y1), Y(n):

®1,1 ®1,N Y11 Y1, N

ST
|
oL
I
<y
I

—
U u = ?

®N.1 ON N YN YN.N
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Then we intorduce the complex vectors:

—

¢=5(@+ic), =g (@+iv)
1.e.

b€ = 500 +i00R), (€ m) = SN + i)
Thus the ZM—system becomes:

Mo 0
l 8; = > (Padly — Ghdp)tp), i

p=1
This system has as action functional

00 N
= / dx dt (z Z (gbg 8;77"‘ + Py, 852“)

a=1

- ia ( Z (¢Z¢5 - ¢Z%)(¢Z¢B - wgwa))> .

a,B=1

3%

. N
= — > (athh — ¥ivs) 05
B=1

0-13



