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1. Integrable spinor models:

• Nambu–Jona-Lasinio–Vaks–Larkin models (1961); related to SU(n)

• Gross–Neveu models (1974); related to SP (2n)
proposed as models for describing the strong interactions.

• Zakharov – Mikhailov spinor models related to SO(n). In two-dimensions
these models are integrable by (ISM) (Zakharov, Mikhailov, (1980).

2. Construction of their solutions



i) Nambu-Jona-Lasinio-Vaks-Larkin models. Choose g ' su(N)

∂φα
∂η

=
i

2a
ψα

N∑
β=1

ψ∗βφβ ,
∂ψα
∂ξ

=
i

2a
φα

N∑
β=1

φ∗βψβ .

ii) Gross-Nevew models. Choose g ' sp(2N,R); with the standard defini-
tion of symplectic group elements:

∂φα
∂η

=
i

a
ψα

N∑
β=1

(ψβφ
∗
β − ψ∗βφβ),

∂ψα
∂ξ

= − i
a
φα

N∑
β=1

(φβψ
∗
β − φ∗βψβ).

iii) Zakharov–Mikhailov models. Choose g ' so(N,R); then ψ(ξ, η) and
φ(ξ, η) take values in the group G ' SO(N,R).

i
∂ψα
∂ξ

=

N∑
β=1

(φαφ
∗
β − φ∗αφβ)ψβ , i

∂φα
∂η

=

N∑
β=1

(ψαψ
∗
β − ψ∗αψβ)φβ ,
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2 The Lie algebras and Lie groups

The unitary SU(N) and su(N)

φ =


φ1,1 φ1,2 · · · φ1,N
φ2,1 φ2,2 · · · φ2,N

...
...

. . .
...

φN,1 φN,2 · · · φN,N

 ∈ SU(N) iff φ† = φ−1

U1 ∈ su(N) iff U1 = −U†1 ; V1 ∈ su(N) iff V1 = −U†1 .

The symplectic SP (2N) and sp(2N)

φ =

(
a b
c d

)
∈ SP (2N) iff S0φ

TS−10 = φ−1, S0 =

(
0 11N
−11N 0

)
.

U1 ∈ sp(2N) iff UT1 + S0U1S
−1
0 = 0.

φ−1 =

(
dT −bT
−cT aT

)
, U1 =

(
A B

C −AT

)
, B = BT , C = CT .
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The orthogonal SO(N) and so(N)

φ =


φ1,1 φ1,2 · · · φ1,N
φ2,1 φ2,2 · · · φ2,N

...
...

. . .
...

φN,1 φN,2 · · · φN,N

 ∈ SO(N) iff φT = φ−1

U1 ∈ so(N) iff U1 = −UT1 ; V1 ∈ so(N) iff V1 = −UT1 .
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3 Lax representations:

Ψξ = U(ξ, η, λ)Ψ(ξ, η, λ), Ψη = V (ξ, η, λ)Ψ(ξ, η, λ),

U(ξ, η, λ) =
U1(ξ, η)

λ− a
, V (ξ, η, λ) =

V1(ξ, η)

λ+a
,

where η = t+ x, ξ = t− x and a is a real number. Impose Z2-reduction:

U†(x, t, λ) = −U(x, t, λ∗), V †(x, t, λ) = −V (x, t, λ∗).

The compatibility condition of the linear problems reads:

Ψξ,η ≡ Ψη,ξ,

Ψξ,η = UηΨ + UΨη = (Uη + UV )Ψ, Ψη,ξ = VξΨ + VΨξ = (Vξ + V U)Ψ,

Uη − Vξ + [U, V ] = 0,

i.e.
U1,η

λ− a
− V1,ξ
λ+ a

+
[U1, V1]

(λ− a)(λ+ a)
= 0,
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U1,η

λ− a
− V1,ξ
λ+ a

+
[U1, V1]

(λ− a)(λ+ a)
= 0,

1) Multiply by λ − a and take limλ→a: 2) Multiply by λ + a and take
limλ→−a:

1) U1,η +
1

2a
[U1, V1] = 0, 2) V1,ξ −

1

2a
[V1, U1] = 0,

Choose U1, V1 ∈ su(N), i.e. U1 = −U†1 , V1 = −V †1

φ, ψ ∈ SU(N), i.e. φ† = φ−1.

U1(ξ, η) = −iφJ0φ†, V1(ξ, η) = iψI0ψ
†, J0 = −I0 = diag (1, 0, 0, · · · , 0).

U1,η +
1

2a
[U1, V1(ξ, η)] = 0, V1,ξ −

1

2a
[V1, U1(ξ, η)] = 0.
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U1,η +
1

2a
[U1, V1(ξ, η)] = 0, V1,ξ −

1

2a
[V1, U1(ξ, η)] = 0,

U1(ξ, η) = −iφJ0φ†, V1(ξ, η) = iψI0ψ
†,

−iφηJ0φ† − φJ0φ†η +
i

2a
V1φJ0φ

† − i

2a
φJ0φ

†V1

= i

(
−φη +

1

2a
V1φ

)
J0φ

† − iφJ0
(
φ†η +

1

2a
φ†V1

)
= 0,

i.e. −φη +
1

2a
V1φ = 0 − φ†η +

1

2a
φ†V †1 = 0.

(1)

iψξJ0ψ
† + iψJ0ψ

†
ξ +

i

2a
U1ψJ0ψ

† − i

2a
ψJ0ψ

†U1

= i

(
ψξ +

1

2a
U1ψ

)
J0ψ

† + iψJ0

(
ψ†ξ −

1

2a
ψ†U1

)
= 0,

i.e. ψξ +
1

2a
U1ψ = 0 ψ†ξ +

1

2a
ψ†U†1 = 0.

(2)
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Remember, since J0 = diag (1, 0, 0, . . . , 0). U1 and V1 acquire the form of
direct product:

U1(ξ, η) = −i~φ~φ † = −i


φ1
φ2
...
φN

 (φ∗1, φ
∗
2, . . . , φ

∗
N ),

V1(ξ, η) = i ~ψ ~ψ † = i


ψ1

ψ2

...
ψN

 (ψ∗1 , ψ
∗
2 , . . . , ψ

∗
N ),

−~φη +
1

2a
V1~φ = 0, ~ψξ +

1

2a
U1
~ψ = 0,

i) Nambu-Jona-Lasinio-Vaks-Larkin models.

∂φα
∂η

=
i

2a
ψα

N∑
β=1

ψ∗βφβ ,
∂ψα
∂ξ

=
i

2a
φα

N∑
β=1

φ∗βψβ .
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ANJLVL

=

∫ ∞
−∞

dx dt

i N∑
α=1

(
φ∗α
∂φα
∂η

+ ψ∗α
∂ψα
∂ξ

)
− 1

2a

∣∣∣∣∣
N∑
α=1

(ψ∗αφα)

∣∣∣∣∣
2
 . (3)

ii) Gross-Neveu models. Choose g ' sp(2N,R); with the standard defini-
tion of symplectic group elements:

ψ−1(ξ, η) = S0ψ
T (ξ, η)S−10 , φ̂(ξ, η) = S0φ

T (ξ, η)S−10 , S0 =

(
0 −11
11 0

)
.

Then the corresponding group and Lie algebraic elements become:

φ =

(
a b
c d

)
, ψ =

(
u s
v t

)
,

φ−1 =

(
dT −bT
−cT aT

)
, ψ−1 =

(
tT −sT
−vT uT

)
,
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where a, b, c, . . . are arbitrary real N ×N matrices. Next we choose

U1(ξ, η) = φJφ−1, V1(ξ, η) = ψJψ−1, J =

(
0 B0

0 0

)
,

B0 = diag (1, 0, . . . , 0, 0).

Next we introduce the vectors corresponding to the first columns of a,
c, u and v:

~a =

 φ1,1
...

φN,1

 , ~c =

 φN+1,1

...
φ2N,1

 , ~u =

 ψ1,1

...
ψN,1

 , ~v =

 ψN+1,1

...
ψ2N,1

 ,

Then U1 and V1 take the form:

U1 =

(
−~a~cT ~a~aT

~c~cT ~c~aT

)
, V1 =

(
−~u~vT ~u~uT

~v~vT ~v~uT

)
,

The next step is to introduce the N -component complex vectors:

~φ(ξ, η) =
1

2
(~a+ i~c), ~ψ(ξ, η) =

1

2
(~u+ i~v)
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Finally the Gross-Neveu model take the form:

∂φα
∂η

=
i

a
ψα

N∑
β=1

(ψβφ
∗
β − ψ∗βφβ),

∂ψα
∂ξ

= − i
a
φα

N∑
β=1

(φβψ
∗
β − φ∗βψβ).

The functional of the action is:

AGN =

∫ ∞
−∞

dx dt

(
i

N∑
α=1

(
φ∗α
∂φα
∂η

+ ψ∗α
∂ψα
∂ξ

)

− 1

2a

(
N∑
α=1

(ψ∗αφα − φ∗αψα)

)2
 .
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iii) Zakharov–Mikhailov models. Choose g ' so(N,R); then ψ(ξ, η) and
φ(ξ, η) take values in the group G ' SO(N,R). Use the standard defi-
nition of orthogonal group elements:

ψ−1(ξ, η) = ψT (ξ, η), φ−1(ξ, η) = φT (ξ, η).

Next choose

J = E1,N − EN,1 =

 0 . . . 1
...

. . .
...

1 . . . 0

 ,

where (Ekp)nm = δknδpm. Then we introduce vectors corresponding to
the first and the last columns φ(1), φ(N), ψ(1), ψ(N):

~a =

 φ1,1
...

φN,1

 , ~c =

 φ1,N
...

φN,N

 , ~u =

 ψ1,1

...
ψN,1

 , ~v =

 ψ1,N

...
ψN,N

 ,
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Then we intorduce the complex vectors:

~φ =
1

2
(~a+ i~c), ~ψ =

1

2
(~u+ i~v).

i.e.

φα(ξ, η) =
1

2
(φ

(1)
α,1 + iφ

(N)
α,N ), ψα(ξ, η) =

1

2
(ψ

(1)
α,1 + iψ

(N)
α,N )

Thus the ZM–system becomes:

i
∂ψα
∂ξ

=
i

a

N∑
β=1

(φαφ
∗
β − φ∗αφβ)ψβ), i

∂φα
∂η

=
i

a

N∑
β=1

(ψαψ
∗
β − ψ∗αψβ)φβ ,

This system has as action functional

AZM =

∫ ∞
−∞

dx dt

(
i

N∑
α=1

(
φ∗α
∂φα
∂η

+ ψ∗α
∂ψα
∂ξ

)

− 1

2a

 N∑
α,β=1

(φ∗αφβ − φ∗βφα)(ψ∗αψβ − ψ∗βψα)

 .

0-13


