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Lax representations:

_ Ul (57 77)
A—a
Impose Zs-reduction:

. V1(€777)

‘I’(fﬂ% >\>7 \Ijn — \11(57777)‘)7

Y
. Ata

Ul(z,t,\) = =Ul(x,t,\*), Vi(z, t,\) = =V (z,t, \*).

Ui(€,n) = —igp T = —igJodt,  Vi(&,n) = —iph T = —igpJoapT,

Change:
U — Uy = —igpJo Vi = Vi = —ipJy.

1 1
Jozdiag(l,0,0,...,O) —>J:J0— N]lN — Ndiag(N—l,—l,—l,...,—l).

Compatibility condition:

Ul,n . Vl,& 4 [Ulavl]

A—a Ata (A—a)()ﬁ—a)zo'
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Indeed:

1 1

0 Jod" = $J§" = ¢(Jo = J)¢' = TN = Sl

STt — IO = (o — J)T = — Pyt = 1y,

N N
Change also:
£ — x, n—t.
The scattering problem for L
. Uop(x,t , Vola,t
L: iV, = )(\)(_ a)\IJ(:r;,t, A), M: ¥, = ;)\(—l— a)\I!(az,t,)\),
Up = ¢J ¢, Vo = oyl
In fact there is indeterminacy in the second operator:
. VO (:Ea t)
M: ¥, = U(x,t,\) — V(x,t, \)C' (A
(A N+ a (337 ) ) (33, ) )C( )7
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where C'(\) will be determined below.
Boundary conditions, i.e. the limits of Uy and V for £ — Zo00. For the
spinor models the natural boundary conditions are

lim Y(x,t) =1y, lim ¢(z,t)=1y, lim Up(z)=J, lim Vy(z)=J,

r— 400 r— 400 r— 400 r— 400

Asymptotic solutions:

J —iJ
Wor = T W(e.N). Wolr.)) = exp (;_j) .
Jost solutions:
im W(z,t,\)¥; " (2, ) =1, lim ®(z,t)¥; " (2, ) = 1.
T—00 T——00

Integral equations for ®(x,t, A\) and ¥(z,t, \):



Scattering matrix and its t-dependence
O(z,t,\) = U(xz, t, \)T(t, N), T(t,\) = ( ;

Consider the limit for x — —o0:;

8<I> Vo
— o _ P _
0¥ J J
= ZW = ra (x, A) — Yoz, \)C(N), C(\) = N
because % = (0! Next consider the limit for £ — oo with & = UT";
8(T) J
= iWo(x, \)——= % N ta (x, )T (t, \) — Wo(x, )T (t, \)C(N).
Finally:
8T J
= T(t, \)] .
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In components we get:

da~ ()
ot

da™t ()
=0 ot 0

06~ 2~ (\t)  0bT  2bT(\)

ZW A+a ZW Ada

Thus ¢~ (M) and a™()\): i) are analytic functions of A for Im A < 0 and Im A >
0; ii) provide generating functionals of conservation laws for the spinor models.
Usually for other models we use:

Ol

lna_()\):ZIk)\_k; N = 0.
k=1

and I, come out to have densities, which are local in the dynamical variables;
besides Iy, are in involution, i.e. the Poisson brackets {Ij, I,,,} = 0 In this case
we need to check if I will be local or nonlocal in gz? and zﬁ

Besides we have a whole (N —1) x (N —1) matrix a™ () that also generates
integrals of motion. Each matrix element of a*(\) generates conservation
laws, but in general we can not expect neither local densities, nor vanishing
Poisson brackets between these integrals.
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Idea for solving the spinor models

q;(x, = O) — LO L‘t>0 — Q;(fl?, t)

| Tm

T(0,)) — T(¢t\)

Jost solutions — integral equations

W) = Vol ) = - [ dy Wola =y, N (Toly) — (. )

B, A) = Vo ) - 1 [ " dy Wole — 9 N (Uo(y) — D)0 (y, ),

A—a J_
B ilx—y) (N—1 1 1 1
\IJO(x ya)‘)_exp( \ — g ( N ' N N N
Uo(x —y,\) =exp | Im (z ~y) (N—-1,-1,-1,...,—1) 4+ oscillating
Y N()\—a) Y Y Y ?
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Assume, that lim, .., Uy(x) = J. Besides:

If Im (A — a) > 0, then Im — < 0. Then:
e If Im(\ —a) =0, then ¥o(z — y, \) oscillates and ¥(x, \) and ®(x, \)
are well defined!

e Consider ¥(x,\): we have y > x and therefore Wp.11(x — y, A) de-

creases for Im ﬁ > 0; Yooolz —y,A\),...,Yonn(T — y,\) decrease
for Im ﬁ < 0. Therefore analytic extensions for the columns are pos-
sible:

e Consider ®(z, \): we have y < x and now the situation is opposite:

Oz, \) = (cb(—l)(x, N, B (@), ., By (2, A)) - (CD(_l)(x, A), 3F(z, )\))



We will need also the inverse of the Jost solutions:

¥ (91

o 7
\ @t / \ 7 /

and the inverse of the scattering matrix:

. R . + T
b =TV, T_<Ca d )
—d- ¢

Here ¢t and ¢, just like a~ and a™, are analytic functions of A for Im A > 0
and Im A < 0. They also generate integrals of motion.
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Fundamental analytic solutions

It is easy: if

( (@A), W (2, 0), Wy (2 )\))
)=

(I)< (2) (#,A), - (I)?_N) (z, A))

then
( 1)@ (2) (2, A), - (I)ELN) (@, A))

(2, \) = (q)(l)(az AU (2,0, Uiy (2, )\))

Any two fundamental solutions are linearly related. Therefore:

o) - o) (5 57



(Uh (2,20, 87 (2,0)) = (@ (2, 1), 87 (2, 1)) ( _C}_ J;T

— —_ gyt o~ LU pt + _H— ot Pt
<I>(1) = \IJ(1>a +WhT, \Il(l) = CID(l)c — oTd,
ot = —\Ila)l;_’T + \ff_aJr, U~ = @a)cf+’T + 5+c_,

—

¢ -_ bt PTG
— L =P U — dtaT = -vh b Tat + 0
a (1) a—' (1) !

|



XF(@,\) = x" (2, )Go(t, N),  Go(t,\) =S~ (£, \)ST(\), AeR

10 1 —bv—Tat
(& 1)(5 )

Remember: x*(z,)\) satisfy the equation:

iaxi . U()(.CE)
or A—a

X (@, \). (1)

The direct scattering problem for L (1):
Let Uy(x)—J be smooth function of x (Schwartz-type). Given Uy(x) construct
the scattering matrix T'(\).

Minimal set of scattering data

, bt
Ti={pTTt, N =b""a", o (t,\)=-—, NeR}

a
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(t,\) — reflection coefficients.

Theorem 7; allows one to reconstruct both the full scattering matrix
T'(t, A) and the corresponding potential Uy(x,t).

The inverse scattering problem for L (1):
Given the scattering matrix T'(\) recover Uy(x).

The inverse scattering problem for L is equivalent to the following

Riemann—Hilbert problem

Introduce new fundamental analytic solutions:

gi(xata )‘> — Xj:(xa )\)\ifg(ilf, >\)

Advantage: canonical normalization. If the Lax operator depends polynomi-
ally on A people choose:

lim &% (x,t,\) = 1.

A— 00
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In our case we choose different normalization, namely:

lim % (z,t,\) = 1, a € R.

A—a

On the real axis of the complex A-plane we have:

EN(z,N) = € (2, )G (2,8, M), G(z,t,A) = oz, \)Go(t, ) ¥y (2, N).
(2)

Riemann-Hilbert problem: Given the sewing function Wy(xz, \) for
A € R construct the fundamental analytic solutions &7 (x,\) analytic for

A€ Cy and £ (z, A) analytic for A € C_ such that they satisfy the canonical
normalization and eq. (2).

Remember: ¢*(z,)\) satisfy the equation:

iﬁ_UO(x)
or A—a

J
A—a

(3)

gi(x7 )‘) R gi(xv )‘)

If we find the solution of the Riemann-Hilbert problem, the we can immediately
find also Ug(x). Multiply eq. (3) by A — a and by £¥(z, \) on the right, then
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take the limit A — a:

lim
A—a

i(A — a) 0c

A—a

+
Un(x) = lim (wgi( N i -0 % e, A))

= J—ilim(\ - a) <agi€i(x A))

A—a
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fi(ﬂ? A) = Up(x) — €5 TE (2, N),



§T(x, M)

N

/\

E7(x, M)
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