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The inverse scattering problem for L is equivalent to the following

Riemann—Hilbert problem

Introduce new fundamental analytic solutions:

e (1, 0) = xF (2, \)Tg(, \).

Advantage: canonical normalization. If the Lax operator depends polynomi-
ally on A\ people choose:

lim & (x,t,\) = 1.

A— 00

In our case we choose different normalization, namely:

lim 5 (z,t,\) = 1, a € R.

A—a
On the real axis of the complex A-plane we have:
EN(m,A\) =€ (2, V)G (x,t,)),  G(z,t,A) = Uo(z, \)Go(t, )Ty ' (2, )).
(1)



Riemann-Hilbert problem: Given the sewing function Wy(x, A) for
A € R construct the fundamental analytic solutions &7 (x,A) analytic for
A€ Cy and £ (z, \) analytic for A € C_ such that they satisfy the canonical
normalization and eq. (1).

Remember: {*(z,\) satisfy the equation:

5’£i . Uo(ill')

(933 — Egi(ﬂj,)\) o g:l:(x’)\)

If we find the solution of the Riemann-Hilbert problem, the we can immediately
find also Up(z). Multiply eq. (2) by A — a and by £*(z, \) on the right, then
take the limit A — a:

J

p— (2)

¢+

lim : i —a) 2 gi(az \) = Up(z) — X TEF (2, ),

A—a
. + 764+ . 8€i S+
Uo(e) = lim (g TEE (. 0) —i(h - a) o 5o A))

= J —ilim(\—a) <a§i§i(x )\))

A—a aili‘
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Riemann—Hilbert problem — canonical case

Ly = (26% + Q(x,t) — AJ) Y(x,\) =0,

M1y = (z% + Vo(z,t) + AVi(x,t) — 2)\2J> Yz, ) =0, (4)

(0 %) -(1 %)

where Q(x,t) and J are (n + 1) x (n + 1) matrices with compatible block
structure and Vy(x,t), Vi(x,t) are expressed in terms of ) and its z-derivative:

Vi(z,t) =2Q(z,t),  Vo(z,t) = —[Q,ad; Q] + 2iad; ' Q.. (5)
diQ=10.0)= (5, W), dre=11Ql-1Q
= (ady)~t = iadj.
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ad; has a kernel B: these are all block-diagonal matrices;

_ _ _( B 0 Y,
ad;B = [J,B] =0, B_<O BQ>,

ad; has an image R: these are all block-off-diagonal matrices R. ad; can be
inverted on its image:

B (0 R 1, 0 *Ry
adyR = |J,R] # 0, R_(R2 0 ), adJR—<_%R2 0 )

Zakharov and Shabat (1971): scalar NLS n =1 and g ~ su(2);
Manakov (1974): vector NLS n > 2 and g ~ su(n);

Numerous physical applications in nonlinear optics, plasma physics, hy-
drodynamics etc. Review paper: VSG ArXive: nlin.SI/0604004.

The compatibility condition is the multicomponent NLS equation

7:qt T qp, T 2(q7 'r)q(x, t) =0,
—iry + Typ + 2(r, q)r(x,t) = 0.
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Put r = q' to get vector NLS:

iq, + q,, +2(q,q")q(z,t) =0, (7)

The Riemann-Hilbert problem

Asymptotic Lax operator: Q(z,t) — 0 for x — +o0;

.0y

Lo =i—m— —Ao(z,A) =0,  to(a,A) =e M7
Ox
Jost solutions: lim U(z, \)eM?* =1, lim ®(x, \)e?® =1,
T— 00 T——00

Fundamental analytic solutions They are constructed from the Jost
solutions:

U(z,\) = (\IJ(_l)(x, A), U

@A), T (:E,)\))

(V)

Bz, \) = (cI>+

(82, 05 (2, 0), -, @ ()
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(2,2), T (2, Na")
X (@A) = (U5 (2, ) /a” (0, 8 (2, 1)
The Jost solutions are linearly related by the scattering matrix T'(¢, A):

—

(@5 (@2, 87 (2, 1) = (Uf (2,2), 57 (2,0)) T(¢, A

X (2, \) = x" (2, \)Go(N), ) eR.
Riemann-Hilbert problem:
£ (2, 1) = x* (@, ).
EX(x,\) =& (2, )Gz, \), A€eR; G(x,\) = sewing matrix.

)\lim X (x,\) = 1, canonical normalization.
— 00

G(ZU, )\) — e—i)xeGO()\)ei)\Jx.

0-7



Definition: £*(z,)\) is a regular solution of RHP if det £*(z, \) # 0 for all
A e Cy.

Theorem: RHP with canonical normalization has unique regular solution.
Proof Let §1i72(x, A) be two regular solutions of the same RHP. Then:

&N (@, NES (2,0) = & (2, V)G, NG (2, N (2,0) = & (3, )€ (2, M),
Jim &F (2, NES (2, 0) = 1.

Liouville theorem: if the function F'()) is analytic for all A € C and has
no singularities in A then F'(\) = const .

& (2, e () = 1,

1.e.

& (x,N) = &5 (2, ).



Equivalence of RHP and Lax representations

Remember:
+ _ Ox* +
Lx* (x,\) =1 5 + (Q(x) — A )x " (x, \) =0,
+ _ 6€i + +

Theorem [Zakharov, Shabat]. Let £ (z, \) be solution to a RHP with
canonical normalization and G(x,t, A) such that:

z% — AJ,G(x,\)] =0,
Then
de* 4 +
i~ Q@)E7 (2, A) — AL, &5 (2, A)] =0,
Proof: N
G (@, ) = i € (1, X) + AEE (2, ) JEE (2, ).

dr
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GE (2, \) + A6~ GJIGE (x, \)

= i (@ N+ (ZEGJr)\GJG(a: )\)) (z, \)

g7 (z,\)

|
~.

- &
= S (m,)\)+§_( J,G]G + A\GJG(z )

= = (2, N+ NTTE (2, N)
g (x,N), A e R

Thus g™ (2, \) = g~ (x, \) is analytic in the whole complex A-plane except in
the vicinity of A — oo where g7 (z, \) tends to AJ. Liouville theorem:

g (z,\) — A\J = const
with respect to A; denote it —qg(x) and get:

g (z,A) = A = -Q(=).
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Q(z) = lim A (J £ (2, ) JEE (a, A))

A— 00

Similarly one treats also the time dependence.

Singular solutions of RHP and the soliton solutions of
NLEE. Dressing method

The one-soliton solutions. Dressing factor uj (x, \):

fli(a:,)\):ul(x,A)ﬁ(]—L(a:,)\)ul__l()\), ui— = lim wuq(x, N).

T—r—00

E(z,\) = xE(@, e 5 (n,\) = xE(z, )T
d
"0 + Qo(x)XE (2, A) — MxE (2, A) =0,

Xm + Qu(@)xE (@, ) — ATxE(z,A) =0,
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Thus the dressing factor satisfies:

’L% + Q1(x)ur(z, A) — ur (2, \)Qo(x) — AlJ,ur(x, N)] =0,

Need an anzatz for u. Must be singular in .

)\—)\;r
w@A) = 14N -DP@), o)=L,
—
P12 = P,. It rank P; = 1, then:
1) (ma|
Pi(z) = :
{0 = )

Insert into the equation for u;(x,A) and request that it holds for A = )\IL,
A= A] and A — oco. This allows us to express |n1) and (mq| in terms of the
regular solution Y, only.

|n1> — X51($7t)|n01>a <m1| — <m01‘)28_1(£13,t), X(:)tl(xvt> — X(:)t(flj,t, )‘it)
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Qi(z,t) = Qolz,t) = (A] = AD)[J, Pa(z, 1)),
One-soliton solutions of MNLS eqs. (6):
Qo(z) =0, Qi(z,?) :_()‘i—_)‘l_)[*]apl(xvt)]v

P = o)

The two-soliton solutions of MINLS (6). Dressing factor us(x, \):
Repeat the dressing starting from T (z,t, \):

7 |n1> _ e—i(Al_ac+>\1_2t)J|n10>’ <m1| _ <m10‘6i(>¢w+>‘i2t)’],

Xa (, 6, 0) = ua(x, 6, X (x, 6, ) = ua(x, 6, \xi (z, 1, M),
Thus second dressing factor satisfies:

dug

’L% + Q2(z)uz(z, A) — u2(x, \)Q1(x) — AlJ,uz(z, A)] = 0,
— AT Mo )19
us(x, ) = 14 (ca(N) —1)Pa(x), c2(A) = i_ iz_, Py(x) = |<m>2<\n2>"
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Now we express |ng) and (ms| in terms of the regular solution yi only.

|n2> — Xl_(aj?tv )‘2_)‘n02>7 <m2‘ — <m02’>21i_(x7t7 )‘;)7 Xit(xvt) — ul(:v,t,)\)xf(x,t, )‘:

QQ(wvt) — Q1<x7t>_<)‘;_)‘2_>[J7P2(5B7t)]
= —(\f = AD) Pi(z, )] = (A3 — A, Pa(a, 1)),

In order to obtain the solution of the vector NLS (7) we need to impose
the reduction:

A=A (moj| = (Jno;))T

Spectral meaning of the dressing

e Fach dressing procedure adds a pair of discrete eigenvalues )\;L and A;
to the spectrum of L.

e The projectors P; project onto the discrete eigen-subspaces of L corre-
sponding to the discrete eigenvalues )\ji. It may be of rank > 1.
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e Obviously the soliton solutions are rational functions of exponentials.

There are alternative methods for N-soliton solutions
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