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e Lax representations and simple Lie algebras



1 Lax representations:

Example 1
\IJS — U(fﬂ?a)\)\l’(fﬂ?a )‘)7 \Ij’l? — V(ﬁ)ﬁa )\)\I’(fﬂ% >‘)7
U V
U(en.x) = & Vienn = 20,

where n =t +x, £ =t — x and a is a real number.
Example 2

Ly = (z% + Q(z,t) — )\J) Y(x, \) =0,

My = (z% + Vo(z,t) + AVi(x,t) — 2)\2J> Yz, \) =0, (1)

aw=( 0 %) =(o &)

where Q(x,t) and J are (n + 1) x (n + 1) matrices with compatible block
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structure and Vy(x,t), Vi(x,t) are expressed in terms of ) and its z-derivative:

Vi(x,t) = 2Q(z,t), Vo(x,t) = —[Q, ad}lQ] + 27jad}1Qx. (2)

Example 3 Why not generalize, e.g.:

L = (z{% + Ug(zx,t) + AUy (az,t)) Y(z,\) =0,

(3)
0

M)y = (z& + Vo(z,t) + AVi(x,t) + )\QVQ(x,t)) W(x, \) =0,
where Ug(x,t) and Vi(x,t) are N x N matrices taking values in a certain Lie
algebra. The compatibility condition is rather complicated:

| Vi .~ .. 0U,
iy AR A > +[Up(, )+AU: (2, 1), Vo (x, t)+AVA (2, ) +X2Va(z, t)] = 0.
s=0

How to simplify?
e Diagonalize U; and V5



e Important constraint: the eigenvalues of U; and V5 should be constants.
e All Uy and Vi, must be elements of a simple Lie algebra.

Then we have chance to apply the inverse scattering method!

Idea for solving nonlinear evolution equations

Qlr,t=0) — Ly Litso — Q(x,t)
Il TIII
T(0.0) — T(tN



Classes of equivalence of Lax operators

Fixing the gauge and gauge equivalence: Choose

Ly = ( (9033 + Q(x,t) — AJ)
0

(z, A) =0,

M1y = (Z— + Vo(z,t) + AVi(x,t) — 2)\2J) Yz, \) =0,

ot

where J is constant diagonal, and Q(x,

Qmﬂz(ml%2}

d21 422

Apply the gauge transformation:

ZE(ZIZ’,t, )\) — go(a:,t)w(:c,t, )‘)7 L — f/

~

L) = aw
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J:<g_ﬂ).

:go_ngO(x7t)7 go — (

+ (—igo.290 " + 9o - Q(z,t)go(x, 1) — AJ)p = 0.

t) is generic element of g, e.g.:

g11
0

g22



Fix up gg by:

—igo.x9y = + 95 Q% (x,t)go(z,t)

_ ( —igi1,2911 + 911 Q11911 10 ) > — 0. (5)
0 —1922,2992 1 G295 422922
Then
. gw N o
Lp=——+ Q=M =0, Q=g Q" (x,t)go(z,1)
1.e.

gd21

N P R )

Lax pair and simple Lie algebras

e Examples of simple Lie algebras
e Cartan—Weyl basis of sp(4), so(5), sp(6), so(7), so(8);

e Every simple Lie algebra allows matrix representation!
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Examples of simple Lie algebras

Four classes of simple Lie algebras by Cartan classification:
sl(r+ 1), so(2r + 1), sp(2r), so(2r).

Special linear algebras si(r + 1)

sl(r+1), (r+1) x (r+1) matrixX € sl(r+1). iff tr X =0.

Special orthogonal algebras so(2r + 1), tr X = 0.

so(2r+1), (2r+1)x(2r+1) matrixX € so(2r+1). iff X+S,X'S;'=0.

0. 0 |so 0 0 1
So=| O0[(-D" |0 so=| 0 -1 0 |, S5=1.
So 0 |0, 1 0 0




Special symplectic algebras sp(2r)

sp(2r), (2r) x (2r) matrix X € sp(2r). if X+ S5, XTS7'=0.

0 s 0O 0 1
81:<_§ 01), S1 = 0 —1 O ; S%:—ﬂ
! 1 0 0

Special orthogonal algebras so(2r)

so(2r), (2r) x (2r) matrixX € so(2r). iff X +SoX'S;!=0.

0 0 0 1
0 s 0 0 —1 0 -
g (30 0)’ 70 0o 1 0 o So=1
-1 0 0 0



Cartan subalgebra and Cartan-Weyl basis

Cartan subalgebra § € g is maximal commutative subalgebra of g
All elements of the Cartan subalgebra can be simultaneously diagonalized!
From now on all Cartan elements will be realized by diagonal matrices.

Cartan-Weyl basis of A, ~ si(r + 1)

Let » = 2. Then X is 3 x 3 matrix. Generic element of h is given by:

hi 0 O
H: O h2 0 , trH:h1+h2+h3:O.
0 0 hg

Important: to every element H € h & h e Es.

3
h:(hl,hz,hg)T:Zhjgj, (h,€) =0, €=¢&1+ &+ é5.
j=1

The rank of sl(3) is r = dim(h) = 2.
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Weyl generators F,: eigenvalues of ady:

hi 0 0 0 0 0 0 1 0
H=| 0 hy 0 |, Eo,=|00 1], Es=(0 0 0|,
0 0 hs 0 0 0 0 0 0

ady (Ewn) = [H, Eq) = (ho — h3)Ew = (h, & — &;)Ea,
ady (Eg) = [H, Eg] = (h1 — ha)Eg = (h, &1 — &)Ej,

Weyl generators are labeled by vectors « called roots. All possible roots pro-
vides the root system of si(3).

o = €y — €3, B =e1 — éo, Ag, ={€;—€;, 1<j#k<3}
Positive and negative roots:
AL = {€1 — €3,€1 — €3,65 — €3}, Ay, = {—€1 + é3,—€1 + €3, —€5 + €3}.
E, with a > 0 is upper-triangular; Eg with 5 < 0 is lower-triangular;

E_,=FE".
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Note: all roots a € A 4, satisfy (a,€) =0

dim(A 4,) = 2 = rank si(3).

Cartan-Weyl basis for sl(3) in the 3-dimensional representation:

Hy = Epr — Erpi1,641, k=1,2; Ee, ¢, = Ejk,
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where
(Ejk)mn — 5jm5k:n

Cartan-Weyl basis of A3 ~ sl(r + 1)

Let r = 3. Then X is 4 X 4 matrix. Generic element of § is given by:

hi 0 0 O
| 0o h 0 o0 ) )
H = 0 0 hy O ; trH =hy + ho + hg+ hgy =0.
0O 0 0 A~y

Important: to every element H € h < h e Ey.

4
E:(h17h27h37h4)T:Zhjgj7 (FL,€_>: ) €= —}1—|—_*2+é)3+é)4-
1=1

The rank of sl(4) is r = dim(h) = 3.
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Weyl generators F,: eigenvalues of ady:

hiy 0 0 0 0 0 0 0 0 0 1

| 0 hy 0 0 o010 1o o0 o0
H=1 0 hs O c Be=1 09000 BT o0 0 o
0 0 0 hy 0 0 0 0 0 0 0

ady (Ey) = [H, Eq) = (ho — h3)Ew = (h, & — &;)Ea,
ady (Eg) = [H, Eg] = (hy — ha)Eg = (h, & — &) Ej,

Weyl generators are labeled by vectors « called roots. All possible roots pro-
vides the root system of si(4).

05252_537 5251_537 AAgz{gj_gka 1§]#k§4}

Positive and negative roots:

AL =€ —ér, 1<j<k<A4},..., Ay ={¢—é, 4>j>k>1}
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E, with a > 0 is upper-triangular; Eg with S < 0 is lower-triangular;
E_,=E".
Note: all roots a € Ay, satisfy (a,€) =0

dim(A4,) = 3 = rank si(3).

Cartan-Weyl basis for si(4) in the 4-dimensional representation:
Hy=FEgp — Epp1641, k=1,2,3; Ee, e, = Ej,

where

(Ejk)mn — 5]m5kn
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Cartan-Weyl basis of By ~ so(5)
Let r=2,s0 2r +1=05. Then X is 5 X 5 matrix, such that

02 0 S0 0 1
X+ SoX'S; =0, So=| 0o]1][0 |, 30:<:_1 o)'
S0 | 0] 0o

Symmetry with respect to the second diagonal. Thus § consists of diagonal
matrices.

Generic element of h is given by:

(b 0 ]0] 0 0
0 hy|lO| 0 0
H=|"0 0]0] 0 0 |, tH=0,  dim(h) =2
0 00| -hs O
\ 0 00| 0 ~—hy )

Important: H € ) < h = (hy, hy)T € Ey. Then rank so(5) = 2 .
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Weyl generators FE,:

\ (e

7EB:

eigenvalues of ady:

)

O OO o O
O OO =
O OO O O
O OO oO O
O RIOIOo O

0
0
0

/ \

[H,E,) = (hi—h2)E, = (h, & — &)E,,

O OO o O

O OO o O
O OO =
O OO+ O

/

|H, By =hE, = (E: €1)E,,

E, =

\

H, Eg| = (hi1+ha)Eg = (

0O 0|10 O
0O 0/]0|0O0 O
0O 000 1
0O 0/]0|0O0 O
0O 0/]0|0 O
5,6_)1 + €5

Weyl generators are labeled by vectors « called roots. All possible roots pro-
vides the root system of so(5). Positive roots

—|— . — —
and negative roots:

AEQ = {—é1 + éo,

€1 —|—5g,




E, with a > 0 is upper-triangular; Eg with S < 0 is lower-triangular;
E_,=E!

Long roots €7 £ €5 with length 2; short roots €7 and £é5 with length 1.

— — —

€1 — €9 €1 €1 + €2

B3 ~ so(7), rank so(7) = 3

+ — — — — — — — — —
Ap ={€1+é, e1+eé3, éxtes, €, €2, €3,
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Cartan-Weyl basis for so(7) in the 7-dimensional representation:
Ee,—e, = Eji — (=1 Es s j,  Eejye, = Ejs 1 — (=1 By,
E., = Ejs— (=1)Essj.

Cartan-Weyl basis of C; ~ sp(4)
Let »r = 2. Then X is 4 X 4 matrix, such that

X485, X787 =0, 51:< s ‘31>, 31:(_01 (1)) S? —

Thus b consists of diagonal matrices.

hi O 0 0
0 h 0 0 B o
H = 0 0 —hy 0 : tr H =0, dim(h) = 2
0 O 0 —h
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Important: H € h < h = (hy,h2)T € Eo. Then rank sp(4) = 2 .
Weyl generators F,: eigenvalues of ady:

0 1/0 0 0 0|1 0O 0 0|0 1
0 0l0 O 0 0/0 —1 0 0l0 0

Ea=\o10 x| =000 0o |' |0 00 0|
0 0/l0 O 0 0/l0 O 0 0l0 O

[H,E,) = (h1—h2)Eq = (h,& — &)Ea,  [H,Eg] = (h1+h2)Eg = (h,& + &)Ej,

[H,E.,] = 2hE, = (h,28)E,,

Weyl generators are labeled by vectors « called roots. All possible roots
provides the root system of si(4).

—

+ _ — — — — —
ACZZ{el—eg, €1+ €2, 261, 26}

and negative roots:

— — —

AEQ = {—51 + 52, —€1 — €9, —261, —252}.
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E, with a > 0 is upper-triangular; Eg with S < 0 is lower-triangular;
E_,=E".

Long roots £2¢7 and £2é5 with length 4; short roots €7 4+ €5 with length 2.
Cartan-Weyl basis for sp(4) in the 4-dimensional representation:

Ee e =FEi10+ FEs3y, Ee ye, =E13—FEoy, FEoe, = F14, FEae, = Eas,
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C3 ~ sp(6), rank sp(6) = 3
AES p— {51 + 52, 51 + 53, 52 + 53, 251, 252, 25)3,}
Cartan-Weyl basis for sp(6) in the 6-dimensional representation:

Fe, e, = et (DT By, Fe te, = Ejr i+ (=1 Ey7_;, Fae, = Egr—k.
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31 + 2a9

a2 a1 + Q2 2041 —+ o 30&1 —+ o

aq

The root system of the exceptional algebra go, a1 = €1—€5, ay = —2é7+€5+€3.
All roots are orthogonal to € = €7 + €5 + €3.
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Cartan-Weyl basis of D, ~ so(8)
Let r = 4. Then X is 8 X 8 matrix, such that

0 0 0 1
_ 04 | s 0 0 -1 0
T 1 _ _ 4 0 2 _
X+5 X7 5" =0, SO_<§0‘04>’ o0~ o 1 0 0 |’ S =1
-1 0 0 0

Thus § consists of diagonal matrices.

hi 00 0] 0 0 0 0\
0 h, 0 O| 0O 0 0 0
0 0 hs O| O 0 0 0
o R A N
0 0 0 0| 0 —hs 0 0
0 0 0 0| 0 0 —hy O
\0o 0 0 0] 0 0 0 —h )

Important: H € h < h = (hi,ha, hs, hy)l € Ey. Then rank so(8) =4 .
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Weyl generators F,: eigenvalues of ady:

(000 0[0 0 0 0) (0000000 0 0
001 0[0 000 000 O0[10 0 0
000 O0[0 00 0 000 O0[0O0 0 0
000 O0[0 00 0 000 O0[0 0 —1 0
E, = , B = ,
00 0O0[0 00 0 0 00O0[0O0 0 0
000 0[0 0 10 000 O0[0O0 0 0
000 0[0 00 0 0000 O0[00 0 0
\ 0 00 0/0 00 0) \ 0o o0oo0o0loo o o)
[H,Eo) = (ha—hs)Eo = (h, & — &)Eq,  |[H,Eg] = (ho+hy)Es = (h,& + &) Eg,

Weyl generators are labeled by vectors a called roots. All possible roots
that provide the root system of so(8) are:

A$4E{€j_€ka €j+5k, 1§j<k§4}
and negative roots:

Ay, ={-&+&, —&—&, 1<j<k<A4}.
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E, with a > 0 is upper-triangular; Eg with S < 0 is lower-triangular;
E_,=E".

All roots have the same length 2.  The Weyl generators of D, in the 8-
dimensional representation are given by:

Ee,—e, = Eji — (=1 Eo 1o j,  Eejie, = Ejo = (=1 Er o,

where
(Ea,b)mn — 5am5bn°

Commutation relations and Killing form
The commutation relations between the Cartan—Weyl generators:
[H,E.] = (a,h)Ey = a(H)E,,  [Bu,E_o] = Ha,

where H, is the Cartan element whose dual vector is «.
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Besides
(B, Eg) = {NO"BEO‘HS it at+fech

otherwize

The Killing form by definition is introduced in the adjoint representation:
B(X, Y) = tr (aandy).

i.e. we first calculate X and Y in the adjoint representation: X — adx and
Y — ady and then calculate the trace.

Practically, if we are using an irreducible representation of g, we
can assume that the Killing form, up to an overall constant is provided by:

B(X,Y) ~tr(X,Y).

For the Cartan-Weyl basis we have:
B(H,,Hg) = (o, B), B(H,E,) =0, B(E., EF_o) = (a, ),
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and if a + 3 # 0 then
B(E,,Ez) =0.

Important use of the Killing form. Let us assume that X € g is given

by:
X = Z%H + Z o B

acA

Given X we can recover its coeflicients z; and z, using the Killing form as

follows:
B(X,H;-/) B(X,E_,)

B(H;, HY) " B(Ea B_a)

ZUj =
where H) is a dual basis in b such that
B(Hj, Hy) =~ 0.

The Killing form is nondegenerate on ) and on g. This last prop-
erty allows us to solve the direct and the inverse scattering problem
for a given ‘good’ Lax operator.
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