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Spinor models: Lax representations and simple Lie alge-
bras

Remember: Zakharov—Mikhailov derivation:

U, =U(x, t, \)¥(x,t,\), U, =Vi(x, t, \)VU(x,t,\),
. Ul(xat) . Vl(xvt)
U(x,t,\) = N Viz,t,\) = o

where a is a real number. Choose
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Introduce the real vectors corresponding to the first and the last columns
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Then U; and V; acquire the form:
if Y =ac —ca' then Y +Y!' =0, i.e. Y € so(N).
Then we introduce the complex vectors:
¢ = %(aﬂ'é), ) = %(m i@).

1.e.



Thus the ZM—system becomes:
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Alternative derivation:

U, =U(x, t, \)¥(x,t,\),
Ul(ajat)

U(z,t,\) = P

where a is a real number.
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U, =Vi(x,t, \)VU(x,t,\),

Vl(ajvt)
t,\) =
V(xaa ) >\_|_a )
8V1 1
Uy, V] 0,
ax [ 1, 1]

Assume that Up, Vi € g. Now we choose g >~ so(8) and introduce them by:

Ul(ilj,t)

— ¢H€1¢_1<$, t)a

Vl (Z’, t) — ¢H61¢_1(x7 t)?



¢(z,t) € SOB),  W(x,t) € SO®B),  H, =diag(1,0,0,0,0,0,0,—1).
¢ (z,t) = So9” (z,1)Sy ", W (z,t) = Sov” (2,1)Sy "
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Let us introduce:
C SO
¢(x,t) = (@,...,6), ¢ '(z,1) = : :
a’ Sy
T Sy
Y(x,t) = (u,...,7), ¢z, t) = : ,
i’ S

Now U; and V; acquire the form:

Ur = |a){clSo — [6){alSo, V1 = [u)(v]So — |0)(u]So,
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where the vectors |a), |¢), |u), |U) are 8-component real vectors depending on
x and t. Therefore:

U, + S()UirSo = 0, Vi + S()VlTS() = 0, 1.e. Ui,Vq € 80(8)

The equations for the vectors:

oy 1. . oa .
Py — 2aV1|CL> = 0, W -+ <CL’S()V1 = 0,
0 1, .. o _
W — %Vﬂa — O, W + <5150V1 — Oa
e ola) 1 (i
U — _’LL = _
gy -+ 2aU1|u> = 0, Py <U|SOU1 0,
o 1. oF .
O + 20}U1"U> — O, % — <U|S()U1 — O,
Introduce: | |
B =L@ +ia),  19) = L0 + i)



1.e.

@) =gy +16 %), ild)=p)— 1),

@)y = [0y + %), iD= |¥) — ¢ %),

Therefore: L L
i(l@){c] — [e)al) = =2(|#){¢ " — |& ") (o)),

Now the ZM—-system becomes:

OI0) 1 (12, 2uia 1 h 1 Te a7
29~ 2 (18)( *1501) ~ 167 Blsol ).
010) 1 (i 2 a1t LA e 7
29 = 2 (15) (15old) — 1) *1018)).

i.e. we get the same model but with simple change of variables.
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Riemann-Hilbert problem:

Given the sewing function ¥y(x, \) for A € R construct the fundamental ana-

lytic solutions T (x, \) analytic for A € C; and £~ (x, \) analytic for A € C_

such that they satisfy the canonical normalization and eq. (?7).
Remember: ¥ (z,)\) satisfy the equations:

v Ox — mg (x7t7)‘)_€ (xata)‘))\_aa (1)
06 Vi(x) 4 =
? ot — )\+a§ (ZC,t,>\>—§ (’ratv)o)\_'_a}

If we find the solution of the Riemann-Hilbert problem, the we can immediately
find also Uy (z). Multiply eq. (1) by A — a and by £*(z, \) on the right, then
take the limit A — a:

lim : (A — )agi

A—a

(2, \) = Ur(x) — E5TE5 (2, N),



Ui(x) = lim

A—a

+
(siJé( N i -0 % e, A>)

A—a

=J —ilim(\—a) <8gi§i(x A))
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RHP:
EX(x, t,\) =€ (z,t, \)G(x,t, N, A € R, .G e so(8).
0G 1 0G 1

i = )\_a[J,G(a:,t, N, i = )\+a[J,G(:C,t, N,
_ 1Jx 1Jt
G(Clj,t, )‘) — 80 1G0(>\)(€0(Qf,t, >‘)7 50(x7t7 >\) = exXp <_)\ _q - )\_l_&) .

Let &y(x,t, A) be a regular solution to RHP. Construct singular solution of
RHP with simple pole singularities at A} and A\ .
First construct singular solutions with canonical normalization at A = oc.

fl(ﬂj,t, >‘> — U(Qf,t, )\)f@(ﬂf,t, >‘)7

_Zt

ule,t,0) = 1+(er(A) — 1) P1<a:,t>+(cl - 1) Piwt), ) =" i
_ 1) {ma] 5 (v 1) — § PT (s _ |Soma)(n1Sol
Pl(x,t)— <m1|n1>, Pl( ,t) S()Pl( ,t)S() <m1‘n1> ,
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The projectors P; and Pj(x,t) and the polarization vectors must satisfy:
Plpl(.flj,t) = Pl(ilf,t)Pl = O, <m1]50\m1> — <n1|5'0]n1> = 0.

Then
Sou’ (x,t,A)So = uH(z,t, \).

However, we need normalization at A = a. The corresponding solutions
are:

~

ET(z,t,0) = €T (z, t, \NET (2,8, a), E7(z,t,\) = & (z,t, \)E (x,t,a).
a(x,t,\) = u(x, t, Nu(z,t,a),

iz, t,\) = (11 +(er(N) = 1) Py(a, ) + (CliA) - 1) P, @:,t))

. (n +(e1(a) — 1) Py(z, 1) + (01 o 1) P (.r,t)) (3)

)
=1+ (Clm - 1) Py (z,t) + (28 — 1) Py (xz,1).
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