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Spinor models: Lax representations and simple Lie alge-
bras

Remember: Zakharov–Mikhailov derivation:

Ψx = U(x, t, λ)Ψ(x, t, λ), Ψt = V (x, t, λ)Ψ(x, t, λ),

U(x, t, λ) =
U1(x, t)

λ− a
, V (x, t, λ) =

V1(x, t)

λ+a
,

where a is a real number. Choose

J = E1,N − EN,1 =

 0 . . . 1
...

. . .
...

−1 . . . 0

 ,

U1 = φJφ−1(x, t), V1 = ψJψ−1(x, t),
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Introduce the real vectors corresponding to the first and the last columns
φ(1), φ(N), ψ(1), ψ(N):

~a =

 φ1,1
...

φN,1

 , ~c =

 φ1,N
...

φN,N

 , ~u =

 ψ1,1

...
ψN,1

 , ~v =

 ψ1,N

...
ψN,N

 ,

Then U1 and V1 acquire the form:

if Y = ~a~cT − ~c~aT then Y + Y T = 0, i.e. Y ∈ so(N).

Then we introduce the complex vectors:

~φ =
1

2
(~a+ i~c), ~ψ =

1

2
(~u+ i~v).

i.e.

φα(x, t) =
1

2
(φ

(1)
α,1 + iφ

(N)
α,N ), ψα(x, t) =

1

2
(ψ

(1)
α,1 + iψ

(N)
α,N )
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Thus the ZM–system becomes:

i
∂ψα
∂x

=
1

a

N∑
β=1

(φαφ
∗
β − φ∗αφβ)ψβ , i

∂φα
∂t

=
1

a

N∑
β=1

(ψαψ
∗
β − ψ∗αψβ)φβ ,

Alternative derivation:

Ψx = U(x, t, λ)Ψ(x, t, λ), Ψt = V (x, t, λ)Ψ(x, t, λ),

U(x, t, λ) =
U1(x, t)

λ− a
, V (x, t, λ) =

V1(x, t)

λ+a
,

where a is a real number.

∂U1

∂t
+

1

2a
[U1, V1] = 0,

∂V1
∂x

+
1

2a
[U1, V1] = 0,

Assume that U1, V1 ∈ g. Now we choose g ' so(8) and introduce them by:

U1(x, t) = φHe1φ
−1(x, t), V1(x, t) = ψHe1ψ

−1(x, t),

0-3



φ(x, t) ∈ SO(8), ψ(x, t) ∈ SO(8), He1 = diag (1, 0, 0, 0, 0, 0, 0,−1).

φ−1(x, t) = S0φ
T (x, t)S−10 , ψ−1(x, t) = S0ψ

T (x, t)S−10 .

S0 =

(
04 s0
ŝ0 04

)
, s0 =


0 0 0 1
0 0 −1 0
0 1 0 0
−1 0 0 0

 , S2
0 = 11

Let us introduce:

φ(x, t) = (~a, . . . ,~c) , φ−1(x, t) =

 ~cTS0

...
~aTS0

 ,

ψ(x, t) = (~u, . . . , ~v) , φ−1(x, t) =

 ~vTS0

...
~uTS0

 ,

Now U1 and V1 acquire the form:

U1 = |~a〉〈~c|S0 − |~c〉〈~a|S0, V1 = |~u〉〈~v|S0 − |~v〉〈~u|S0,
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where the vectors |~a〉, |~c〉, |~u〉, |~v〉 are 8-component real vectors depending on
x and t. Therefore:

U1 + S0U
T
1 S0 = 0, V1 + S0V

T
1 S0 = 0, i.e. U1, V1 ∈ so(8).

The equations for the vectors:

∂|~a〉
∂t
− 1

2a
V1|~a〉 = 0,

∂〈~a|
∂t

+ 〈~a|S0V1 = 0,

∂|~c〉
∂t
− 1

2a
V1|~c〉 = 0,

∂〈~c|
∂t

+ 〈~c|S0V1 = 0,

and
∂|~u〉
∂x

+
1

2a
U1|~u〉 = 0,

∂〈~u|
∂x
− 〈~u|S0U1 = 0,

∂|~v〉
∂x

+
1

2a
U1|~v〉 = 0,

∂〈~v|
∂x
− 〈~v|S0U1 = 0,

Introduce:

|~φ〉 =
1

2
(|~a〉+ i|~c〉), |~ψ〉 =

1

2
(|~u〉+ i|~v〉),
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i.e.
|~a〉 = |~φ〉+ |~φ ∗〉, i|~c〉 = |~φ〉 − |~φ ∗〉,

|~u〉 = |~ψ〉+ |~ψ ∗〉, i|~v〉 = |~ψ〉 − |~ψ ∗〉,

Therefore:
i(|~a〉〈~c| − |~c〉〈~a|) = −2(|~φ〉〈~φ ∗| − |~φ ∗〉〈~φ|),

i(|~u〉〈~v| − |~v〉〈~u|) = −2(|~ψ〉〈~ψ ∗| − |~ψ ∗〉〈~ψ|),

Now the ZM–system becomes:

i
∂|~ψ〉
∂x

=
1

a

(
|~φ〉〈~φ ∗|S0|~ψ〉 − |~φ ∗〉〈~φ|S0|~ψ〉

)
,

i
∂|~φ〉
∂t

=
1

a

(
|~ψ ∗〉〈~ψ|S0|~φ〉 − |~ψ〉〈~ψ ∗|S0|~φ〉

)
,

i.e. we get the same model but with simple change of variables.
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Riemann-Hilbert problem:

Given the sewing function Ψ0(x, λ) for λ ∈ R construct the fundamental ana-
lytic solutions ξ+(x, λ) analytic for λ ∈ C+ and ξ−(x, λ) analytic for λ ∈ C−
such that they satisfy the canonical normalization and eq. (??).

Remember: ξ±(x, λ) satisfy the equations:

i
∂ξ±

∂x
=
U1(x)

λ− a
ξ±(x, t, λ)− ξ±(x, t, λ)

J

λ− a
,

i
∂ξ±

∂t
=
V1(x)

λ+ a
ξ±(x, t, λ)− ξ±(x, t, λ)

J

λ+ a
.

(1)

If we find the solution of the Riemann-Hilbert problem, the we can immediately
find also U1(x). Multiply eq. (1) by λ− a and by ξ̂±(x, λ) on the right, then
take the limit λ→ a:

lim
λ→a

: i(λ− a)
∂ξ±

∂x
ξ̂±(x, λ) = U1(x)− ξ±Jξ̂±(x, λ),
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U1(x) = lim
λ→a

(
ξ±Jξ̂±(x, λ)− i(λ− a)

∂ξ±

∂x
ξ̂±(x, λ)

)
= J − i lim

λ→a
(λ− a)

(
∂ξ±

∂x
ξ̂±(x, λ)

)
.

(2)
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λ

◦

◦

λ+1

λ−1

ξ+(x, λ)

×
a

ξ−(x, λ)
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RHP:

ξ+(x, t, λ) = ξ−(x, t, λ)G(x, t, λ), λ ∈ R, ξ±, G ∈ so(8).

i
∂G

∂x
=

1

λ− a
[J,G(x, t, λ)], i

∂G

∂t
=

1

λ+ a
[J,G(x, t, λ)],

G(x, t, λ) = E−10 G0(λ)E0(x, t, λ), E0(x, t, λ) = exp

(
− iJx

λ− a
− iJt

λ+ a

)
.

Let ξ0(x, t, λ) be a regular solution to RHP. Construct singular solution of
RHP with simple pole singularities at λ+1 and λ−1 .

First construct singular solutions with canonical normalization at λ =∞.

ξ1(x, t, λ) = u(x, t, λ)ξ0(x, t, λ),

u(x, t, λ) = 11+(c1(λ)− 1)P1(x, t)+

(
1

c1(λ)
− 1

)
P̄1(x, t), c1(λ) =

λ− λ+1
λ− λ−1

.

P1(x, t) =
|n1〉〈m1|
〈m1|n1〉

, P̄1(x, t) = S0P
T
1 (x, t)S0 =

|S0m1〉〈n1S0|
〈m1|n1〉

,
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The projectors P1 and P̄1(x, t) and the polarization vectors must satisfy:

P1P̄1(x, t) = P̄1(x, t)P1 = 0, 〈m1|S0|m1〉 = 〈n1|S0|n1〉 = 0.

Then
S0u

T (x, t, λ)S0 = u−1(x, t, λ).

However, we need normalization at λ = a. The corresponding solutions
are:

ξ̃+(x, t, λ) = ξ+(x, t, λ)ξ̂+(x, t, a), ξ̃−(x, t, λ) = ξ−(x, t, λ)ξ̂−(x, t, a).

ũ(x, t, λ) = u(x, t, λ)û(x, t, a),

ũ(x, t, λ) =

(
11 + (c1(λ)− 1)P1(x, t) +

(
1

c1(λ)
− 1

)
P̄1(x, t)

)
·
(
11 + (c1(a)− 1) P̄1(x, t) +

(
1

c1(a)
− 1

)
P1(x, t)

)
= 11 +

(
c1(λ)

c1(a)
− 1

)
P1(x, t) +

(
c1(a)

c1(λ)
− 1

)
P̄1(x, t).

(3)
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