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The Lax representation for the ZM system

Start with the ZM—-system:
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It allows Lax representation:
U, =U(x, t, )V (x,t,\), U, =Vi(x,t, \)V(x,t,\),
. U1($,t) L Vl(xat)
U(x,t,\) = o Vx,t,\) = g

Ul(xvt) — ¢H€1¢_1(x,t), Vl(wat) — ¢H€1¢_1(5€7t)7
¢(£L’,t) S 50(8), ’l,b(:l;‘,t) c 50(8), H,., = diag (1,0,0,0,0,0,0, —1).



The scattering problem for L

. Uop(x,t , Volx,t
L: iV, = g(_ a)\p(x,t, ), M: iU, = §(+ a)\P(az,t,A),
Up = ¢J 9T, Vo = ¢ Jyl.
In fact there is indeterminacy in the second operator:
Vol(z,t
M: ¥, = 0(, )\If(x,t, A) — Uz, t, \)C'(N),

A+ a

where C'(\) will be determined below.
Boundary conditions, i.e. the limits of Uy and V| for x+ — +o0. For the
spinor models the natural boundary conditions are

lim ¢(x,t) = 1y, xkrinoo o(x,t) = 1y, xll)lrinoo Us(x) =J, lim Vy(z)=J,

r—+o00 r—+o00

Asymptotic solutions:

J

. —1Jx
A S a\Ifo(x,)\), Wo(x, \) = exp ()\ — a) :
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Jost solutions:

lim W(z,t, AU, (2, \) =1, lim ®(z,t)¥; " (2, \) = 1.

T— 00 LT—r—00
and the scattering matrix. Due to the special choice of J and to the fact that
the Jost solutions and the scattering matrix take values in the group SO(N)

we can use the following block-matrix structure of T'(\,t)

mq b7 cy
T()‘a t) — ¢_1¢($‘, t, )\) — — BT Too SOB_ , (1)
e  —btTsg mf

where b¥()\, ¢) and BT (), t) are N — 2-component vectors, Taa()) is a (N —
2) x (N —2) block and mi(\), ¢(\) are scalar functions.

Jost solutions — integral equations

W) = B N) - "y Wolz — 5 N (Uoly) — J)T(y, N,

A—a [
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D)) = Vol ) - - | " dy Wole — 9 N (Uo(y) — J)0(y, ),

A—a J_

Uo(x —y,\) = exp (_2()\%_—3) (1,0,0,...,0, —1))

Uo(x —y,\) = exp (Im ((f\ — y)) (1,0,0,...,0,—1) + OScillating)
—a

Assume, that lim, ,; . Ui(z) = J. If Im(A —a) > 0, then Im -~ < 0.

Then:

e If Im(\—a) =0, then ¥o(z — y, \) oscillates and ¥(x, \) and ®(x, \)
are well defined!

e Consider ¥(z,\): we have y > x and therefore V.11 (z — y, \) decreases

for Imﬁ > 0; Yo.nvn(x — y,\) decrease for Imﬁ < 0; the rest

matrix elements Wo.xr(x — y, \) oscillate. Therefore analytic extensions
are possible for the first and the last columns only:

U(z,\) = (qﬁ

(1)(96, A), \17(33, A), \IJ(_N) (z, )\))
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e Consider ®(z, \): we have y < x and now the situation is opposite:

D, ) = (@) (@), Bla, V), By (2, 3)
Fundamental analytic solutions

Important tools for reducing the ISP to a Riemann-Hilbert problem (RHP)
are the fundamental analytic solution (FAS) x*(x,t, ). Their construction is
based on the generalized Gauss decomposition of T'(\,t):

T(t,\)=SIDIT;, or T(t,\)=S;D;T7,

X+(x7t7 )‘) — ¢(£,t, )‘>TJ_(t7 )‘) — ¢(33,t, )‘)S}_(tv )‘)D(}F(A)a
X (:E,t, >‘) — ¢($,t, A)Tj_(A) — ¢(:I;‘,t, )‘)S; (tv )\)D;()\),

where
1 —ptT &t 1 0 0
TF(LN)=[ 0 1 —sopt |, T;(Nt)=| p~ 1 0 |,
0 0 1 ¢ —p sy 1
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bt . B~ 1 1
pr = — P = ¢t = §(ﬁ+’T80/7+)7 ¢ =P sop)
iy iy
1 7T et 1 0 0
ST(\ 1) 0 1 s |, S;(\t)=| -7 1 0 |,
0 0 1 & —7lsy 1
B~ bt 1 1
7t = —, T =—, et = (7Pl sg7h), & = (71 so7)
iy iy
m’ 0 0 1/miy 0 0
Df=1 0 my 0 , D7 = 0 my;y 0 (2
0 0 1/mf 0 0 my
where 75 (X, t) = bF /mi, g (A t) = b5 /mi and
btp—T sob—bt7Ts
my = Tas + —, m, = Tao + ° °
my my



Scattering matrix and its t-dependence

—

my b1 cl
O(x, t,\) =U(z,t, )VT(t,\), T\t)=| —Bt To soB~ |,
& —btTsy  mf
Consider the limit for x — —oc:
0P Vi
— = ¢ — P —
v (,t, A) (x, t, \)C(N) r — —00,
oV J J
—— = Y A)— U A)C(A A) = :
= g = g Yo@A) =Wz, MO, CA) =
because ag’to = 0! Next consider the limit for z — co with & = WT"
= e N E e VT A) — Wl VT A)C)
O\+4> ot — A+ a 0\+4> ) 0\ ) .
Finally:
oT J
—— = T(t, )| .
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In components we get:

Imi(\) ) ImE(\) ) Qb 2bF(\t) OBT  2B*(\1)

o o ZW::F Ata "ot =T A+ a

Thus mj (\) and m; ()\): i) are analytic functions of A for ImA < 0 and
Im A > 0; ii) provide generating functionals of conservation laws for the spinor
models. Usually for other models we use:

P

lnml_()\):ZIk)\_k; W:O'
k=1

and I; come out to have densities, which are local in the dynamical variables;
besides Iy, are in involution, i.e. the Poisson brackets {Ij, I,,,} = 0 In this case

we need to check if I will be local or nonlocal in ¢ and .

Besides we have a whole (N —2) x (N —2) matrix mg ()\) that also generates
integrals of motion. Each matrix element of mJ ()\) generates conservation
laws, but in general we can not expect neither local densities, nor vanishing

Poisson brackets between these integrals.
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The FAS for real \ are linearly related
X (z,t,A) = x (2,6, )G\ 1),  Gos(\t) =T, (N\OTF(A\t).  (3)

Introduce: )
é.i(:ca ta )‘) — Xi(wa t? )\)\110(33, )‘)

Then the RHP can be written as:

EN (2, t,\) = € (2,8, )G y(x,t, ), A € R,

oGy 1 o0G; 1

- —E[J,GJ(%?%)\)], vl >\+a[J,GJ($,t,)\)]°
lim & (2, t, \) = 1. (4)
A—a

Obviously the sewing function G (x, A, t) is uniquely determined by the Gauss
factors T5 (A, t) and

A—a MNta

: Tt
G(ijta )‘) — g()_lGO(A)SO(xata )‘)7 go(ZC,t, )‘) = eXp (_ W i ) .
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Let &o(x,t, \) be a regular solution to RHP. Construct singular solution of
RHP with simple pole singularities at A\{ and A7 .
First construct singular solutions with canonical normalization at A = oco.

E1(x, t, \) = ul(zx, t, N\ (z,t, \) and Xf(:z:, t,\) = u(z,t, )\)X(jf(:v, t, ),

)T
u(x,t,\) = 1+(c1(N) — 1) Pl(a:,t)—|—< — 1) Py (z,t), c1(N) = AN :

A=A

_ ) {ma] 5 (v 1) — S P (s _ |Soma)(n1Sol
Pl(.fll‘,t) — <m1|n1>, Pl( ,t) S()Pl ( ,t)S() <m1\n1>

C1 ()\)

Since Xf(:c, t,\) and X(ﬂf(az, t, A) satisfy the equations:

aXil: U1 (33, t) + 8X6|: (ZE, t )‘) J

zax )\_GJX1(£E77 )7 (9:13 )\_GJXO(ZC77 )7

Then the dressing factor must satisfy the equation:

i = )\_au(a:,t,)\) —u(x,t,)\))\_a.
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identically with respect to A. But u(x,t, \) is rational function of A which has
poles and zeroes at A = A and A\ = A\;. This means that it is enough to
require that the residues of the left hand side of (5) at these points vanish.
From this it follows:

ni(z,t)) = E(x, t, A )In1o),  (ma(z,t)| = (maol€ (z, 1, A7) (6)
In other words the dependence of the projector Pj(x,t) is determined by the
eigenfunctions of L with trivial potential Uy = J, since Xoi(a:', t,A) =E(x, t, N).

Besides u(x,t, A) must be an element of the SO(N) group, i.e.
uwt(x,t, \) = Sou (x,t, M),

which means that the projectors P; and P;(x,t) and the polarization vectors
must satisfy:

Plpl(ib‘,t) = pl(f,t)Pl = O, <m1\So|m1> = <n1|So|TL1> = 0.
If we need normalization at A = a, the we could use:

EN(z,t,\) = € (x, t, )T (z,t,a), € (2, 6,)\) = € (2,4, \)E (2,8, a).
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u(x,
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The one soliton solution

Given the sewing function Wy(x, \) for A € R construct the fundamental ana-

lytic solutions T (x, \) analytic for A € C; and £~ (x, \) analytic for A € C_

such that they satisfy the canonical normalization limy ., £ (2, \) =
Remember: (¥ (z,)\) satisfy the equations:

v Ox — )\—Clg (x7t7)‘)_€ (xata)‘))\_aa (8)
06 Vi(x) 4 =
? ot — )\+a§ (ZC,t,>\>—§ (’ratv)o)\_'_a}

If we find the solution of the Riemann-Hilbert problem, the we can immediately
find also Uy (z). Multiply eq. (8) by A — a and by £*(z, \) on the right, then
take the limit A — a:

O +
lim : (A — ) S

A—a

— (2, 0) = Ur(w) — €5765 (),
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1.e.

A +
Ui (z,t) = ;iir; (giJgi(x,A) — i\ — )aai £F (x, A)) (9)

Since we started with &+ (z,t, \) = u(z, t, )\)SS—L and 50 — 1, then
Ui(x,t) = u(x, t,a)Ju(z, t,a).

where u(x,t, \) is the dressing factor, which we constructed above. Similarly:

) +
Vi(x,t) = lim (fijfi(a:,)\)—i()\—l—a)ag §i(:13 )\))

A——a (10)

= u(z,t,—a)Ju(x,t, —a)
How to calculate ¢(z,t) and ¢(z,t)? Assume we start with the trivial
solution, corresponding to fo 1. Then qbo = const , wo = const with

(58\50\1;0) = 0 and (Cgo|50\¢o) — (. Then the dressed solutions will be:

o(z,t) = u(z,t,a)go,  Pla,t) = ulz,t, —a)y.
Check it
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RHP:
N (x, t, \) =& (2,6, N)G(z, 1, N), )\ €R, £*, G € so(N).
G a6 1

?’% — )\_a[‘LG(:E)tv)‘)]a Za_ \+a

J,G(x,t, \)],

Several versions of getting /N-soliton solutions via dressing
method:

e Start with foi = 1; then construct u;(x,t, \) and derive fli = uy(x,t, ).
Now apply the dressing on &5, derive ua(x,t, \) and find
«S;—L = ug(x,t, Nui(x,t, \). etc, etc.

e Use projectors of higher rank, e.g.:

2
P(z,t) = Y  |ng)My(m;l, My = (mjlng), M =M"".
k,j=1

This provides one-soliton solution with more complicated internal struc-
ture.
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e use more general dressing factors:
N
u(@, t, ) =1+ ((¢;(A) = 1)P; + ((¢;'(\) = 1 EFy))
j=1
Impose constraints:

u(z,t, \)Sou’ (x,t,\)So = 1,

and 9 U () ;
.ou 1\ o
z%—k )\_au(:v,t,)\)—u(a:,t,)\))\_a = 0.
6’u Vl(ili‘) J .
za—x—k)\+au(x,t,)\)—u(:v,t,)\))\+a—O.

which must hold identically with respect to A. This leads to a set of
algebraic equations on P;(z,t).
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